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 Computability, semi-/decidability, enumerability

 Examples of undecidable problems

 Reduction: comparing problems

 (Busy Beaver function)

 LOOP programs

 Ackermann function

§2 Basic Computability Theory
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Un-/Semi-/Decidability I

Definition:Definition: a) An 'a) An 'algorithmalgorithm' ' AA computescomputes a a 

partial partial functionfunction f f ::⊆⊆ �� →→ �� ifif itit

•• on on inputsinputs xx∈∈dom(dom(ff)) printsprints ff((xx)) and and terminatesterminates,,

•• on on inputsinputs xx∉∉dom(dom(ff)  )  doesdoes notnot terminateterminate..

b) b) AA decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome total total injectiveinjective ff::��→→�� withwith LL=range(=range(ff))..

Injective pairing function ("Hilbert Hotel")

x,y := x + (x+y)·(x+y+1)/2
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Un-/Semi-/Decidability II

Theorem: Theorem: a) a) EveryEvery finite finite LL isis decidabledecidable..

b) b) LL isis decidabledecidable iffiff itsits complementcomplement LL is.is.

c) c) LL isis decidabledecidable iffiff bothboth LL, , LL areare semisemi--decidabledecidable..

d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable..

Example: The Halting problem H, considered as 

subset of ��, is semi-decidable, not decidable.

b) b) AA decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome total total injectiveinjective ff::��→→�� withwith LL=range(=range(ff))..
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Comparing Decision Problems

For For L,L'L,L'⊆⊆ �� writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff: : ��→→ �� such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.

a) a) L'L' semisemi--/decidable/decidable  so so LL. . 

HaltingHalting problemproblem H H = { = { AA,,xx : : AA((xx) ) terminatesterminates }}

NontrivialityNontriviality N N = { = { AA : : ∃∃yy AA((yy) ) terminatesterminates }}

TotalityTotality problemproblem T T = { = { AA : : ∀∀zz AA((zz) ) terminatesterminates}}

�� ��

L
L'

f

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable

unde-
cidable

b) b) LL≼≼L'L'≼≼L'' L''  LL≼≼L''L''

L L' • H ≼ T  T ≼ H
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LOOP Programs

∈∈��Semantics:

 x1,…xk contain input ∈�k

 LOOP executed xj times

 Body must not change xj

Example: simulate

"if xj≠0 then P else Q"

xk := 0 ; LOOP xj DO xk := 1 END ; xℓ := 1; 

LOOP xk DO P ; xℓ := 0 END ; LOOP xℓ DO Q END

Example: simulate

"xj :=max(0, xi–1)" :

xj:=0 ; xk:=0 ;  

LOOP xi DO 

xj := xk ; xk := xk+1  

END

Syntax in Backus—Naur Form:

P := ( xj := 0 | xj := xi + 1  |  P ; P | 
LOOP xi DO P END )
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Example: simulate

"xj :=max(0, xi–1)" :

xj:=0 ; xk:=0 ;  

LOOP xi DO 

xj := xk ; xk := xk+1  

END

Capabilities of LOOP Programs

Examples: simulate addition "xk :=xj+xi"

xk := 0; LOOP xj DO xk:=xk+1 END; 
LOOP xi DO xk := xk +1 END

Simulate multiplication "xk :=xj×xi"

xk := 0; LOOP xi DO xk := xk + xj END

Theorem: • To every LOOP program P=P(x1,…xk)

there exists some ℓ=ℓ(P)∈� s.t.  P on input x∈�k

makes ≤ A(ℓ,n)<∞ steps,  where n:=max(2, j |xj|)

• A(n,n) is not computable by any LOOP program!

Now recall Ackerman‘s function

A(ℓ+1,0)=1     
A(0,n)=2+n

A(ℓ+1,n+1) = A(ℓ,A(ℓ+1,n))



CS422 M. Ziegler
Proof by Structural Induction

P := ( xj := 0 | xj := xi + 1  |  P ; P |  LOOP xi DO P END )

Proof, induction: xj := 0 | xj := xi + 1: 1≤A(1,1) steps

P ; P :  A(ℓ,n) + A(ℓ,A(ℓ,n)) ≤ A(ℓ,n) + A(ℓ+1,n+1)
≤A(ℓ+2,n) steps

LOOP xi DO P END: 

A(ℓ,n-xi)+A(ℓ,A(ℓ,n-xi))+A(ℓ,A(ℓ,A(ℓ,n-xi)))+…
≤ A(ℓ+1,n)+A(ℓ+1,n)+… ≤ A(ℓ+2,n)

[xj-iter.]
steps

Lemma: A(ℓ+1,n+m) = A(ℓ,A(ℓ,A(…A(ℓ,A(ℓ+1,n)))))

Theorem: • To every LOOP program P=P(x1,…xk)

there exists some ℓ=ℓ(P)∈� s.t.  P on input x∈�k

makes ≤ A(ℓ,n)<∞ steps,  where n:=max(1,||x||1)

• A(n,n) is not computable by any LOOP program!A(ℓ+1,n)=2+n,  A(ℓ+1,0)=1,  A(ℓ+1,n+1) = A(ℓ,A(ℓ+1,n))
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Power of LOOP Programs 2 

Def: Recall bijective �2∋ (x,y) → x,y:=2x·(2y+1)-1 ∈�

and write x,y,z:= x,y,z,   x,y,z,w:=x,y,z,w etc.

Lemma: a) There exists a LOOP program that,

given x,y∈�, returns x,y∈�.

b) There exists a LOOP program that,

given x,y∈�, returns x and y∈�.

c) There exists a LOOP program that, given

integers n≤N and x1,x2,…,xn,…,xN, returns xn.

d) There exists a LOOP program that, given n≤N
and y and x1,x2,…,xn…,xN, returns x1,x2,…,y,…,xN.

array of integers with indirect addressing


