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Motivation: Introduction to Type Theory

Type theory:
o Construction rules of types;
o when A and B are types A — B is type
o when A is a type and a,b: A then a =4 b is type
o Construction and elimination rules for elements

e when f: B assuming z : A then Ax. f: A — B
o when f: A— Band x: Athen fz:B
o when z : A then there is a constant refl 4 such that refly z: 2 =4 =

Sewon Park Type Theory with Abstract Reals unc May 16, 2019 3/ 24



Motivation: Introduction to Type Theory

Type theory:
e Product type (p,q): PN Q.
Coproduct inl p,inrqg: PV Q
Dependent Function Type Vx : A. B(x)
o MAx:A.t:Va: A B(x) when t : B(x) assuming z : A.
o p:ll,.nz =N x gives for any x : N a term ¢ : x =y .
Dependent Pair 3z : A. B(x)
o (z,t): 3z : A. B(x) where z : A and ¢ : B(a)
o (p,t): XNt =n 42 is a pair when p := 42, then ¢ : 42 =y 42
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Motivation: Introduction to Type Theory

Foundation of constructive mathematics:

e Reading certain types as propositions, term as proof, A as and, V
as or, V as for all and 3 to there exists.

e proving PV @) requires to specify which one of the two holds
e proving 3z : A. B(z) requires to state x : A then prove ¢ : B(x)
internalizes BHK interpretation:

e proof is an object that can be manipulated: evaluated,
transformed, etc.

e a proof of t : Vx : A. C(x) is already a lambda term in the language
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Motivation

Motivation: Mere Proposition

A proof (term) of Vz3yC(x,y) is x — (y,t) where t : C(z,y).
Proving t : C(z,y) doesn’t need to be constructive.

Example

perm : VX :list A. Y :list A. Vi: N. 35 : N. Y[i] = X[j] J

Sometimes 3 and V are too strong!

e weak coproduct: VP. PV—P
e weak existence: —3k. P — Jk. P

e such weak type lives in prop .
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Motivation: Reals in Type Theory

Construct it:

0seq:=N—->Q

o Cauchy := Ariseq. Vi m:n|r m —rm| < 2777

@ R := J,.seqCauchy r

o x ~py:=Vonlzn—yn| <27 (this is not x =r y)
or have it as axiom:

o R is a type constant

@ 0,1:R are term constants

@ plus: R — R — R is a term constant

e commutative is a term constant of type V, ,.g plus x y = plus y x

Sewon Park Type Theory with Abstract Reals unc May 16, 2019 7/ 24



Motivation

Motivation: What is the correct set of axioms?

In Computable Analysis:
@ x > y is not decidable but is semi-decidable

e Given two semi-decidable predicates you can choose one
nondeterministically: (IRRAM choose and ERC select)

. 1 ifz>0 .
e sign(x) := is not computable
0 otherwise
1 ifx>—
e softsign(x,¢) := o © s computable (essentially)
0 ifrx<e

multivalued function.
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Motivation

Motivation: What is the correct set of axioms?

Consider the three order axioms:
o Totality:Vz:R.xa >0Va=0Var <0
e Wtotality : Vo : R.z2 >0V =0Vz<0
e softsign :Vy.rpe >0 — (x> —¢)V(z <e¢)
Fix x and € > 0. softsign z ¢ is either
o (0,t) where t: x> —¢
o (1,t) wheret:z <e

Let 2’ that coincides to x = 2’. Then, softsign x € = softsign 2’ ¢.
softsign is reduced to single-valued function.
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Exact Real Type Theory

Exact Real Type Theory: axioms

Axiom (multivalue functor)

Given a type T', mvT is a type.

Given an element t : T, then vt : mvT

Given a function f: A — mvT, then lift f: mvA — mv B such

that

fa={(lift f)(va) foralla: A.
There is isomorphism: iso: mv (mvT) — mvT such that
a=1iso(ta) foralla: mvT.
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Exact Real Type Theory

Exact Real Type Theory: axioms

Axiom (Sierpinski type)
e S is a type such that |,1: S
o Define s |:= s =|: prop
e There is an element:

select : Vg, 5,551 4 Vs | — mv (s1 ] Vsa |)

Definition
semi P:=d,5 P+ s

Lemma

choose : V' p.Q.prop Semi P — semi Q — PV Q — mv (P V Q)
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Exact Real Type Theory

Exact Real Type Theory: axioms

Axiom (Reals R)

o Classical properties assumed as prop ; e.g.,
WTotality : Yy yr. x >yVao=yVy>a

o Semi decidability of order assumed: Y, ,.r semi (z > y)

o Construction via limit:
limit : ¥ p.r— prop J,r Pz — (Vpn. mv (3R Jur P uA lu —z| <
2—n)) — durP u

o Continuity of real functions:

cont:ViRoRVzyRT <Y — I MRVzRT < 2<y—m< fz <M
w

Lemma
forall z,y,e : R, ife >0 we have mv(x >y —eVy>xz—¢)
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Exact Real Type Theory

Exact Real Type Theory: theories

Define C(z,y,z) =z >y —szx=2ANy>x—>y=2=2

Lemma (Maximum)

for all x,y we have 3,.,rC Ty 2

Lemma (Weak IVT)
forall f:R=>R, if fO<0< f1, we have IR 0 < z2<1Afz=0

Lemma (IVT)

forallf :R=R,iff0<0< f1and3,gfz=0 we have
LRrRO<z<IAf2z=0
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Exact Real Lambda Calculus

Exact Real Lambda Calculus

Simply Typed Lambda Calculus:
@ Base Types: 19
@ Types: T:=79 |71 = T2 |11 X T2
@ Terms: t:=x (variable) | Az : 7.t |ty ta | (t1,t2) | fst ¢ |snd t
© Context: I':= (21 :71) = (w2 :72) o (X 1 )
@ Type Judgement:
© I'tx:7ifand only if (x,7) €T
@ I'FAx:md:m = mpifand only of (x,7) = T Ht: 7
@ I'Htity:m ifandonlyofFl—tl > 1mand 'ty 7y
Q F"(thtg)ZTl X To ifandonlyofI‘l—tl cmmand I'Ftg : 1
@ I'fstt:m ifand only of TH¢: 7 X 1
@ I'Fsndt:mifand only of '¢: 7 X 7o
© Reduction:
1] (Ax:T.tl)t2—>t1[xl—>t2}
@ fst (tl,tg) —t1 snd (tl,tg) — to
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Exact Real Lambda Calculus

Exact Real Lambda Calculus

Godel’s System T
© Base Types: 79 := nat
@ Types: T:=79 |11 = T2 | 71 X T2
@ Terms: t:=x | Ax: 7.t |t ta | ¢ (constants)
@ Constants: ¢ :=
0:nat
S :nat — nat
primerec.. : 7 — (nat - 7 — 7) — nat — 7)
@ Reduction:
primerec. a f (sn) — f n (primerec. a f n)

primerec. a f 0 = a

+n, *N : nat — nat — nat and >y, =n: nat — nat — bool are defined by
recursion.
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Exact Real Lambda C

Exact Real Lambda Calculus

Exact Real Lambda Calculus:
@ Base Types: 19 := real | nat | bool | unit
@ Types: T:=79 |71 > T2 | T1 X T2
@ Terms: t:=x | Ax: 7.t |t ta | ¢ (constants)

@ Constants: ¢ :=

+g, *g : real — real — real. — / : real — real.
>g: real — real — bool.  // infix

inj : nat — real

select : unit — unit — bool

m : (real — real) — real x real — real x real
b7 = unit  // postfix

lim : (nat — real) — real
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Exact Real Lambda Calculus

Set-theoretic semantics

Meaning of a well typed ERLC term a : A.

e Semantics of types are:
o [real] := PR [nat] := PN [bool] := P2 [unit] := P{*}
o [A— B] :=P([A4] — [B]) [A x B] := P([4] x [B])

where P A := finite nonempty subset of A .

e Semantics of terms:
o [Nz:7. t] :={y— [t][lx — ]}
o [t1 to] :=Upep, {f [t2]}

It remains to define semantics of constants.
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Exact Real Lambda Calculus

Set-theoretic semantics

I/r] {v1, - ,ym} == Uiif y; # 0 or L then {1/y;} else { L}
linj ] {n1, - ,nm}={n1,--- ,nm} CR
[L{e1, - ,en} == Uiif e; # L then {x} else { L}

{tt} ifv; =x
[select | {v1,--- ,vn} {wi, -+ s wm} :=Ui S {ff} ifw; ==

{1} ifvy=w; =%
{a1,- - ,an}[{] := Uiif a; # L then {x} else { L}

[lim] f:=
{zIVny.y € fn—|z—y| <27} if such z exists uniquely,
{L} otherwise.
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Program Extraction

Program Extraction

o Given I'g ¢ : T in ERTT, extract computational content into a
term (t) in ERLC.

o (P:prop):=unit|(p: P):=
o (T :type ;>o) := abort | (t: T> := abort
o (Tn x Ty : type ) := (T1) x (T2) | ((t1,t2)) := ((t1), (t2))
e (A= B:typeg):=(A) > (B) | (\M:A.t: A— B):=\y
(4). )]z =y
(t1 t2) == (t1) (t2)
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Program Extraction

Program Extraction

e Multivalued functor:
(mv ) := (1)
(Lty =
(lift f) := (f)
(isoT) =Xz :[T]. x
e Sierpinski type:

o (S):=unit
o (1) =+

(select ) := select

t

—~
~>

o Real type:
(R) := real

o (semi (z > y)) := (z) > (y)
o (limit) := limit
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Program Extraction

Vd-predicate

o t:VurP(z) = mv (Fy:rC(z,v))
@ Let P and C be in prop .

o Extraction:

(Vo:rP(x) = mv (3rC(z,y)))

= (R) = (P(z)) = (mv (JyrC(z,y)))
= real — unit = (3,:rC(x,¥))

= real — unit — real X unit

~ real — real
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Program Extraction

Ongoing Work I: operational semantics for ERLC

o (A,d4) is represented space when A is a set with 4 : B — A
partial surjective.

o An infinite string [ realizes a when d4 5 = a.

e A computable (infinite) string function 7 : B — B realizes a
set—valued function A — P(A) when
Va € A.VB €' {a}. 65 (1 B) € f a.

e Continuous string function B — B can be embedded in B.

e Assigning represented space to each type in ERLC and string
function to each term in ERLC gives computable interpretation
(program).

@ Show that all ERLC’s set-theoretic semantics are realizable.
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Program Extraction

Ongoing Work II: set-theoretic semantic for ERTT

e Given a proposition ERTT P, define its set-theoretical semantics
(P)prop such that (P(x)) C R.

e For any V3-predicate ¢ : V. P(z) — mv (3,rC(z,y)) prove
Vaer(Pprop @ = L & [(O)] {z} A[(B)] {z} S (Q)prop @

e Hence the program extraction is sound
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Program Extraction

Ongoing and Future Work III

o Implementation of both ERTT and ERLC
@ Define Categorical semantics for both ERTT and ERLC
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