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•Logicians Tarski, Alonzo Church (PhD advisor)
•Kurt Gödel (1931): There exist arithmetical
statements which are true but cannot be proven so.

••firstfirst scientificscientificcalculationscalculationson digital on digital computerscomputers

••WhatWhatareare itsits fundamental fundamental limitationslimitations??

•• UncountablyUncountablymanymanyPP⊆⊆��

•• butbut countablycountablymanymany''algorithmsalgorithms''

••UndecidableUndecidableHalting ProblemH:: NoNo algorithmalgorithmB B 
cancanalwaysalwayscorrectlycorrectlyansweranswerthethe followingfollowing questionquestion
GivenGiven〈〈A,A,xx〉〉,, doesdoesalgorithmalgorithmA A terminateterminateon on inputinput xx??

Proof by contradiction:  ConsiderConsideralgorithmalgorithmBB' ' thatthat, , 
on on inputinput AA, , executesexecutesBB on on 〈〈A,AA,A〉〉

decisiondecision
problemproblem

Alan M. Turing 19361941

HaltingHalting ProblemProblemHH

ProofProofbyby contradictioncontradiction::

AA
xx BB ++

−−AA
AA

B'B'

∞∞

HowHow doesdoesBB' ' behavebehaveon on B'B' ??answeranswer, , loopsloopsinfinitelyinfinitely..
and, and, uponupona positivea positive

simulatorsimulator//interpreterinterpreterB B ??

B'B' B'B'
B'B'
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Un-/Semi-/Decidability I

Definition:Definition: a) An 'a) An 'algorithmalgorithm' ' AA computescomputes a a 

partial partial functionfunction f f ::⊆⊆ �� →→ �� = {0,1,2,= {0,1,2,……}} ifif itit

•• on on inputsinputs xx∈∈dom(dom(ff)) outputsoutputs ff((xx)) and and terminatesterminates,,

•• on on inputsinputs xx∉∉dom(dom(ff)  )  doesdoes notnot terminateterminate..

b) b) AA decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome total total injectiveinjective ff::��→→�� withwith LL=range(=range(ff))..

Injective pairing function ("Hilbert Hotel")

〈x,y〉 := x + (x+y)·(x+y+1)/2
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Un-/Semi-/Decidability II

Theorem: Theorem: a) a) EveryEvery finite finite LL isis decidabledecidable..

b) b) LL isis decidabledecidable iffiff itsits complementcomplement LL is.is.

c) c) LL isis decidabledecidable iffiff bothboth LL, , LL areare semisemi--decidabledecidable..

d) d) LL isis enumerableenumerable iffiff infinite and infinite and semisemi--decidabledecidable..

Example: The Halting problem H, considered as 

subset of ��, is semi-decidable, not decidable.

b) b) AA decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) AA semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d)d) AA enumeratesenumerates LL ifif itit computescomputes

somesome total total injectiveinjective ff::��→→�� withwith LL=range(=range(ff))..
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Comparing Decision Problems

For For L,L'L,L'⊆⊆ �� writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff: : ��→→ �� such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.
a) a) L'L' semisemi--/decidable/decidable ⇒⇒ so so LL. . 

HaltingHalting problemproblem H H = { = { 〈〈AA,,xx〉〉 : : AA((xx) ) terminatesterminates }}
NontrivialityNontriviality N N = { = { 〈〈AA〉〉 : : ∃∃yy AA((yy) ) terminatesterminates }}
TotalityTotality problemproblem T T = { = { 〈〈AA〉〉 : : ∀∀zzAA((zz) ) terminatesterminates}}

�� ��

L
L'

f

•• HH ≼≼ NN

•• HH ≼≼ TT

•• NN ≼≼ H H ≼≼ HH

unde-
cidable

unde-
cidable

b) b) LL≼≼L'L'≼≼L'' L'' ⇒⇒ LL≼≼L''L''

L L' • H ≼ T⇒ T ≼ H
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WHILE Programs

Syntax in Backus—Naur Form:

P := ( xj := 0 | xj := 1 | xxjj := := xxii ++ xxkk |  xxjj := := xxii −− xxkk

| xxjj := := xxii ÷÷ 22 |  P ; P |  WHILE xj DO P END )

Semantics: loop executed as long as xj≠0

UTM-Theorem: There exists a WHILE program

U that, given 〈P〉∈� and 〈x1,…,xk〉∈� and N∈�, 

simulates P on input (x1,…,xk) for N steps.

Definition: Let  〈P〉∈� denote the encoding of 

WHILE program P (e.g. as ascii sequence).
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SMN Theorem: Currying

Type conversion example

f(x,y) = sin(x)·ey

SMN-Theorem: There exists a WHILE 

program that, given 〈P〉∈� and x∈�,

returns 〈P(x, · )〉, where P(x, · )(y) :≡ P(x,y)

Definition: Let C = 〈P〉∈� denote the encoding of 

WHILE program P

UTM-Theorm: There exists a WHILE program that, 

given 〈P〉∈�, returns 〈Q〉∈� with Q(x,y) = 〉P(x)〈 (y)

,  P = 〉C〈 its inverse/decoding.

and WHILE prg that, given 〈P〉,〈Q〉, returns 〈Q◦P〉
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Fix some Fix some arbitraryarbitrary total total ϕϕ::��→→��

Oracle Computation

P = ( xj := 0 , 1 | xxjj := := xxii ±± xxkk | xxjj := := xxii ÷÷ 22 |  
P ; P |  WHILE xj DO P END )xxjj := := ϕϕ((xxii) |) |

Def:Def: bb) ) PP decidesdecides setset LL⊆⊆�� ifif itit computescomputes itsits total total 

charchar. . functionfunction: : cfcfLL((xx):=):=11 forfor xx∈∈LL, , cfcfLL((xx):=):=00 forfor xx∉∉LL..

c)c) PP semisemi--decidesdecides LL ifif terminatesterminates preciselyprecisely on on xx∈∈LL

d) d) H H = { = { 〈〈PP,,xx〉〉 : : PP terminatterminat..on input on input xx }}

ϕϕϕϕϕϕϕϕ

ϕϕϕϕϕϕϕϕ

ϕϕϕϕϕϕϕϕ ϕϕϕϕϕϕϕϕ

ϕϕϕϕϕϕϕϕ

HH'':=:=HHHH

Lemma ("Shoenfield"): g:⊆�→� is       computable

iff  g(x)=limj f(〈x,j〉) for some       computable  f:⊆�→�.

Write Write HH as as 
short for short for cfcfHH

HH--

HH--
HH'' --
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Proof (Sketch) Shoenfield

P = ( xj := 0 , 1 | xxjj := := xxii ±± xxkk | xxjj := := xxii ÷÷ 22 |  
P ; P |  WHILE xj DO P END )xxjj := := ϕϕ((xxii) |) |

ϕϕϕϕϕϕϕϕ

Lemma ("Shoenfield"): g:⊆�→� is       computable

iff  g(x)=limj f(〈x,j〉) for some       computable  f:⊆�→�.
HH--

yy=lim=lim jj ff((〈〈xx,,jj〉〉)  )  ⇔⇔ ∃∃JJ ∀∀jj≥≥JJ:  :  ff((〈〈xx,,jj〉〉)=)=yy..

Simulate P on input x for j steps, answering all queries y∈A positive 

and y∈Q negative. Any query y neither in A nor in B tentatively add to B.

If simulation of P terminates, stop the current stage j and restart for j+1.

Simultaneously to simulating P, semi-decide "y∈H?" for all y∈B.. 

When y∈H, move y from B to A, abort current stage j and restart for j+1.

Let PH compute g. Fix x and initialize A={}= B.

At each stage j=1,2,... maintain:  A⊆H and purportedly B∩H={} .
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P = ( xj := 0 , 1 | xxjj := := xxii ±± xxkk | xxjj := := xxii ÷÷ 22 |  
P ; P |  WHILE xj DO P END )

Arithmetic Hierarchy

Def: ∆∆1 =ΣΣ0 =ΠΠ0 = decidable

∆∆k+1 = decidableΣ
Σk = decidableΠ

Πk

∆∆1

ΣΣ1 ΠΠ1

∆∆2

ΣΣ2 ΠΠ2

ΣΣ1∪ ΠΠ1

ΣΣ2∪ΠΠ2

∆∆3

:

Lemma: a)  ∆∆k = co-∆∆k

b)  ∆∆k  = ΣΣk ∩ ΠΠk
c)  ΣΣk ∪ ΠΠk  ⊆ ∆∆k+1

ΣΣk+1 = semi-decidableΣ
Σk

ΠΠk+1 = co-semi-decidableΣ
Σk

xxjj := := ϕϕ((xxii) |) |

ϕϕϕϕϕϕϕϕ

d) d) H H = { = { 〈〈PP,,xx〉〉 : : PP terminatterminat..on input on input xx }} HH'':=:=HHHHϕϕϕϕϕϕϕϕ ϕϕϕϕϕϕϕϕ
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