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I. Recap of Discrete Computability

= un-/computability, Halting Problem
= Semi-/decidability, Reduction

= Model of computation: WHILE prog.
= SMN propery, Currying

= "Oracle” computation,
Limit Lemma, Arithmetic Hierarchy
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ofirst scientificcalculationson digitalcomputers
\Whatare its fundamentalimitations?
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UndecidableHalting ProblemH: No algorlthm 3
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Given(AX), doesalgorithmA terminateon input x?

Proofby contradiction ConsideralgorithmB' thaty)
oninputA, executed on{A,A and,upona positive
answer loopsinfinitely. How doesB' behaveon B' ?n sc
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Un-/Semi-/Decidability I

Definition: a) An 'algorithm' “AA computes a
partial function f:0ON - N ={0,1,2....} ifit

e on inputs xddom{) outputs f(X) and terminates,
e on inputs xddom{) does not terminate.

Injective pairing function ("Hilbert Hotel")
Xy) =X+ (xty)- (x+y+1)/2

b) A decides set LLIN if it computes its total
char. function: cf, (x):=1 for XL, cf, (X):=0 for xUL.

c) A semi-decides L if terminates precisely on XL

d) A enumerates L if it computes
some total injective f:N N with L=rangef).




Un-/Semi-/Decidability I~ <AIST

Example: The Halting problem H, considered as
subset of N, is semi-decidable, not decidable.

Theorem: a) Every finite L is decidable.

b) L is decidable iff its complement L is.

c) L is decidable iff both L, L are semi-decidable.
d) L is enumerable iff infinite and semi-decidable.

b) A decides set LLIN if it computes its total
char. function: cf, (X):=1 for XL, cf, (X):=0 for xUL.

c) A semi-decides L if terminates precisely on XL

d) A enumerates L if it computes
some total injective f:N N with L=rangef).
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Halting problem H={{(AX) : A(X) terminates }
Nontriviality N={ (A4) : [y AA(y) terminates }
Totality problem T ={ () : 0z “A(2) terminates}

unde-
*H<N cidable

e H < unde-
HST  idable

<H<H
<KT=TKH

N
H

For L,L'UUN write LLL' if there is a computable
f:N-> Nsuchthat [x x[OL < f(x)LL".
a) L' semi-/decidable = so L. b) L<L'<L" = L<L"
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Syntax in Backus—Naur Form:

P=(x:=0x =1 [x=%+X | X:=%—X
| =x+2| P;P | WHILEx DOPEND )

Semantics: loop executed as long as x*0

Definition: Let (P)LIN denote the encoding of
WHILE program P (e.g. as ascii sequence).

UTM-Theorem: There exists a WHILE program
‘U that, given (P)IN and (X,,... X N and NLN,

simulates 2 on input (Xy,...,X) for N steps.



SMN Theorem: Currying C!fﬁ:f’:

Definition: Let C = (/)N denote the encoding of
WHILE program P, P =)C( its inverse/decoding.

Type conversion example

f(xy) = sink)-&

SMN-Theorem: There exists a WHILE
program that, given ()N and x0N,

returns (P(X, - ), where P(X, - )(Y) := P(Xy)

UTM-Theorm: There exists a WHILE program that,
given (P)LIN, returns (LN with 9(Xxy) = )YP(X){ (Y)

and WHILE prg that, given (P)(9), returns (9° P)



Oracle Computation KA'SE

Q’¢:(><j::O,1\><j =X EX X=X 2]
X =60¢) | P; P | WHILEx DOPEND)

Fix some arbitrary total ¢ :N—-N | Write H as
short for cf,,

Lemma ("Shoenfield"): g:LIN—N is Hi-computable
iff g(x)=hm; f((x,])) for some H-computable f:LIN—N.

Def: b) ?¢ decides set LLIN if it computes its total
char. function: cf, (x):=1 for XL, cf, (X):=0 for xUL.

C) ?¢semi-decides L if terminates precisely on XUL
d) H= {(PX: P? terminat.on input X } H'=HH




Proof (Sketch) Shoenfield 2=T

P — — —_ v -
P =(x=0,1K=xtX [x:=x+2]
X =0(X)|P; P | WHILEx DOPEND)
Let P compute g. Fix X and initialize A={}= B.
At each stage |=1,2,.. maintain: ALUH and purportedly BnH={} .

Lemma ("Shoenfield"): g:LIN—N is H-computable
iff g(x)=hm; f((x,])) forsome  computable f:LIN—N.

Simulate 2 on input x for | steps, answering all queries yLlA positive
and yLIQ negative. Any guery y neither in A nor in B tentatively add to B.

If simulation of P terminates, stop the current stage | and restart for j+1.
Simultaneously to simulating 2, semi-decide "y 1H?" for all yLIB..

When yLIH, move y from B to A, abort current stage | and restart for j+1.



-(><,—0 LI =% %% [X
X :=0(%) | P; P | WHILE

Lemma: a) A, = co-A\,

b) A, =2,n Tl

c) 2,0 DA,

Def: A, =2, =I[1, = decidable

A, ., = decidable*c = decidable'
S ... = semi-decidable*

M., = co-semi-decidable*
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