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V. Complexity Theory over the Reals

� Polytime-computable real numbers

� Polytime-computable real functions

� Quantitative computability ⇔⇔⇔⇔ quantitative continuity

� Operations that preserve polytime functions

� (Strongly) polytime-computable real sequences

� Polytime analytic functions ⇔⇔⇔⇔ polytime Taylor series

� Operations that preserve polytime analytic functions
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� Parametric Maximization "in NP"

� Indefinite Riemann Integration "in #P"

� Definite Riemann Integration "in #P1111"

� ODESOLVE  "in PSPACE"

� Parametric Maximization is NPNPNPNP-"complete"

� In/definite integration is ####P/#PP/#PP/#PP/#P1111-"complete"

� Complexity of PDEs: Poisson and Heat Equation

� More numerical characterizations

of discrete complexity classes

V. Complexity Theory over Reals (2)
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Complexity of Real Numbers

Theorem:Theorem: ForFor rr∈∈��, , tthehe followingfollowing areare equivalentequivalent::

DefDef: : ComputingComputing rr∈∈�� in in timetime tt::��→→��

meansmeans to to outputoutput aa00,...,...aan   n   in in ≤≤tt((nn)) stepssteps..

poly(poly(nn) :=) :=

OO((nn))OO(1)(1)

poly-
time

c) c) ThereThere existexist algorithmsalgorithms computingcomputing sequencessequences
((aamm),(),(bbmm),(),(ccmm))⊆⊆�� withwith ||rr−−aamm/b/bmm| | ≤≤ 1/1/ccm m →→ 00

b) b) ThereThere existsexists an an algorithmalgorithm computingcomputing a a 
sequencesequence ((aann))⊆⊆�� withwith ||rr−−aann/2/2

nn| | ≤≤ 22--nn

a)a) rr has a has a decidabledecidable binarybinary expansionexpansion
{ { nn : : bbnn=1 }=1 }  ⊆ ⊆ �� forfor rr == ∑ ∑nn bbnn/2/2

nn..

Recall: For rr∈∈�� and and ((aan n ))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn,,

r<0   ⇔  ∃n: an<1    and     r>0   ⇔  ∃n: an>1
Problem: Determine first digit of 0.1110.111 ……1 1 ±±22--n   n   ?
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DefDef: : ComputingComputing rr∈∈�� in in timetime tt::��→→��

meansmeans to to outputoutput aa00,...,...aan   n   in in ≤≤tt((nn)) stepssteps..

Polytime-Computable Reals

Example: The following are polytime computable:

� sum, product, and reciproke of 
any polytime-computable real(s)

� every single algebraic real

poly(poly(nn) :=) :=

OO((nn))OO(1)(1)

Example: 

Not polytime computable is ∑∑jj∈∈LL44--jj for  �⊇L∉∉∉∉PP11111111

sequencesequence ((aann))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn

� some transcendental reals

such as e=2.718.. or π.
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Proof (Sketch)

Example: The following are polytime computable:

� sum, product, and reciproke of 
any polytime-computable real(s)

� every single algebraic real

sequencesequence ((aann))⊆⊆�� withwith ||rr−−aann/2/2
nn| | ≤≤ 22--nn

Let p∈�[X] be minimal polynomial to r∈�.

Use bisection to approximate simple root r of p.

∑∑jj∈∈LL22--j   j   is binary decidable in polytime iff �⊇L∈PP11111111

First digit of 0.1110.111 ……1 1 ±±22--n   n   ? truetrue ==1010 , , falsefalse ==0101

∑∑jj∈∈LL44--j  j  polytimepolytime iffiff 4/34/3++∑∑jj∈∈LL44--j  j  = = ∑∑jj∈∈��������
 2·4-j : j∈∈∈∈L
 1·4-j : j∉∉∉∉L

Example: 

Not polytime computable is ∑∑jj∈∈LL44--jj for  �⊇L∉∉∉∉PP11111111
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DefDef: : ComputingComputing rr∈∈�� in in timetime tt::��→→��

meansmeans to to outputoutput aa00,...,...aan   n   in in ≤≤tt((nn)) stepssteps..

Complexity of Continuous Functions

Theorem:Theorem: ForFor ff:[0,1]:[0,1]→→�� thethe followingfollowing areare equivalentequivalent::

b) b) ThereThere isis an an algorithmalgorithm printingprinting a a sequencesequence (of(of

coefficientcoefficient listslists of) of) ((PPnn))⊆⊆��[[XX] ] withwith ||||ff--PPnn||||∞∞ ≤≤22--nn

a) a) ThereThere isis an an algorithmalgorithm convertingconverting anyany aa=(=(aamm))⊆⊆��

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm,  to,  to ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2
nn|| ≤ ≤ 22--nn

c) 'c) 'SequenceSequence'' ff((qq))∈∈��, , qq∈∈��∩∩[0,1][0,1], , isis computablecomputable

∧∧∧∧∧∧∧∧ ff admitsadmits a a computablecomputable

||xx--yy||≤≤22--µµ((nn))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--nn

modulusmodulus of of continuitycontinuity

Fact Fact ((Bernstein's TheoremBernstein's Theorem)): : To approximateTo approximate ||xx--½½||
up toup to 22--nn requiresrequires polynomials of degree polynomials of degree exponexpon. in. in nn

polypoly--

timetime

polypoly--

timetime

polynomialpolynomial

poly(poly(nn) :=) :=

OO((nn))OO(1)(1)

DefDef: : ComputingComputing ff::⊆⊆��→→�� in in timetime tt::��→→�� meansmeans to to 

outputoutput bb00,...,...bbn  n  in in ≤≤tt((nn)) stepssteps regardlessregardless ofof xx, , ((aamm))..

strongstrong polytimepolytime
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DefDef: : ComputingComputing ff::⊆⊆��→→�� in in timetime tt::��→→�� meansmeans to to 

outputoutput bb00,...,...bbn  n  in in ≤≤tt((nn)) stepssteps

Computability ⇒⇒⇒⇒ Qualit.Continuity
Complexity ⇒⇒⇒⇒ Quantit. Continuity

Real Theorem d'): If f:[0;1]→� is computable, 
then so within bounded time t(n) for some t:�→�.

Basic Main Theorem:

b)b) FF computable in time computable in time tt ⇒⇒ tt is a modulus of continuity ofis a modulus of continuity of F.F.

d)d) dom(dom(FF)) compactcompact, , AA computescomputes F F ⇒⇒ has timehas time boundbound tt==tt((nn))

RecalRecal l l computecompute FF::⊆⊆CC→→C C :: On On inputinput uu∈∈dom(dom(FF) ) outputoutput FF((uu).).BBBB

regardlessregardless of of uu

ComputeCompute FF in in timetime tt::��→→��:   :   FF((uu))nn appears afterappears after ≤≤tt((nn) ) steps.steps.

regardlessregardless ofof xx, , ((aamm))..
ExampleExample :: exp:exp:��→→�� isis notnot computablecomputable in in boundedbounded time,time,
butbut onon [[ --22kk;;kk]] computablecomputable in timein time poly(poly(nn++kk))..

CC = {= {00 ,,11}} ��BB = = ����

Real Theorem b') If f:⊆�→� is polytime computable, 
then f has a polynomial modulus of continuity.
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Proof of the Real Main Theorem

Real Theorem d'): If f:[0;1]→� is computable, 
then so within bounded time t(n) for some t:�→�.

Basic Main Theorem:

b)b) FF computable in time computable in time tt ⇒⇒ tt is a modulus of continuity ofis a modulus of continuity of F.F.

d)d) dom(dom(FF)) compactcompact, , AA computescomputes F F ⇒⇒ has timehas time boundbound tt==tt((nn))

RecalRecal l l computecompute FF::⊆⊆CC→→C C :: On On inputinput uu∈∈dom(dom(FF) ) outputoutput FF((uu).).BBBB
ComputeCompute FF in in timetime tt::��→→��:   :   FF((uu))nn appears afterappears after ≤≤tt((nn) ) steps.steps.

regardlessregardless of of uuCC = {= {00 ,,11}} ��BB = = ����

Recall: 1) δ proper: compact  K⊆� ⇒⇒⇒⇒ δ-1[K]⊆B compact.

dyadic representation: |r– an /2
n| ≤ 2-n δδ::⊆⊆BB→→[0;1][0;1]

Real Theorem b') If f:⊆�→� is polytime computable, 
then f has a polynomial modulus of continuity.

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

2) δδ admissible: f:⊆�→� is continuous  iff
has a continuous (δ,δ)-realizer F:⊆B→B

2)  f:⊆�→� has a polynomial modulus of continuity   iff
has a (δ,δ)-realizer F:⊆B→B with polynom. modulus.

Theorem:
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δ:=2-µ'(n)

DefDef: : ComputingComputing ff::⊆⊆��→→�� in in polytimepolytime meansmeans to to 

outputoutput bbnn withwith ||ff((xx))--bbnn/2/2
nn||≤≤22--nn in in poly(poly(nn)) stepssteps..

Proof: Given x∈�, n∈�,  output (f(x+δ)−f(x))/δ.

Then f'(y) = (f(x+δ)−f(x))/δ for some y∈[x,x+δ] : 

Mean Value Theorem. By hypothesis, | f'(y)− f'(x) | ≤ 2-n.

Operations on Polytime Functions

Reminder:Reminder: LetLet ff:[:[ --1;0]1;0]→→��, , gg:[0;1]:[0;1]→→�� computablecomputable

withwith ff(0)=(0)=gg(0)(0). . ThenThen ff∪∪∪∪∪∪∪∪gg:[:[ --1;1]1;1]→→�� isis computablecomputable..

Reminder:Reminder: LetLet ff:[0;1]:[0;1]→→[0;1][0;1] bijectivebijective

s.t. s.t. itsits inverseinverse ff--11 has a has a polynomialpolynomial modulusmodulus..

ThenThen itsits inverseinverse ff--11:[0;1]:[0;1]→→[0;1][0;1] existsexists..

Reminder:Reminder: SupposeSuppose differentiabledifferentiable ff:[0;1]:[0;1]→→�� isis

computablecomputable and and ff′′ has a has a computablecomputable modulusmodulus of of 

continuitycontinuity. . ThenThen ff′′ isis againagain computablecomputable..

polytimepolytime polynomialpolynomial

polytimepolytime

polytimepolytime

polytimepolytime

&&computablecomputable..& & polytimepolytime

isis computablecomputable, , tootoo..isis polytimepolytime, , tootoo..

''SequenceSequence'' ff((qq))∈∈��, , qq∈∈��∩∩[0,1][0,1], , isis stronglystrongly polytimepolytime

∧∧∧∧∧∧∧∧ ff admitsadmits a a polynomialpolynomial modulusmodulus of of continuitycontinuity

Theorem:Theorem:

Theorem:Theorem:

Theorem:Theorem:



CS700 M. Ziegler

DefDef: : ComputingComputing rr∈∈�� in in timetime tt::��→→��

meansmeans to to outputoutput aa00,...,...aan   n   in in ≤≤tt((nn)) stepssteps..

(Strongly) Polytime Real Sequences

poly(poly(nn) :=) :=

OO((nn))OO(1)(1)

Def: StronglyStrongly computing (r j)⊆�

means to output (an)⊆� with ||rr jj−−aa〈〈〈〈〈〈〈〈jj ,m,m〉〉〉〉〉〉〉〉/2/2
mm||≤≤22--mm

〈〈xx,,yy〉〉 = = xx + (+ (xx++yy))··((xx++yy+1)/2,+1)/2,

in in polytimepolytime

s.t. s.t. aa00,...,...aan   n   appearsappears in in poly(poly(nn)) stepssteps

in in polytimepolytime

s.t. s.t. aa00,...,...aan   n   appearsappears in in poly(poly(mm++loglog jj)) stepssteps..

j+mj+m ≤≤ nn = = 〈〈jj ,,mm〉〉 ≤≤ ((jj++mm))²²nn = = 〈〈jj ,,mm〉〉

= = poly(poly(m+jm+j)  )  stepssteps

Def: Computing sequence (r j)⊆�

means to output (an)⊆� with ||rr jj−−aa〈〈〈〈〈〈〈〈j,mj,m〉〉〉〉〉〉〉〉/2/2
mm||≤≤22--mm

nn, , jj++mm = = polynpolyn. . lengthlength
of of unaryunary encodingencoding

mm in in unaryunary, , 
jj in in binarybinary
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DefDef: : ComputingComputing rr∈∈�� in in timetime tt::��→→��

meansmeans to to outputoutput aa00,...,...aan   n   in in ≤≤tt((nn)) stepssteps..

Polytime Analytic Functions

poly(poly(nn) :=) :=

OO((nn))OO(1)(1)

DefDef: : ComputingComputing ff::⊆⊆��→→�� in time in time tt::��→→�� meansmeans,,

on input of on input of ((aamm))⊆⊆�� withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm, , 

to to outputoutput bbnn withinwithin ≤≤tt((nn)) stepssteps

regardlessregardless

ofof xx∈∈dom(dom(ff)), , ((aamm))..

Theorem: Theorem: Fix Fix ((ccjj))⊆⊆�� and and rr<<RR=1/limsup=1/limsupjj ||ccjj ||
1/1/jj.  .  

((ccjj) ) is is polytimepolytime iffiff [[ --rr ;;rr ] ] ∋∋ x x →→ ∑∑jj ccjj··xx
jj isis polytimepolytime..

in in polytimepolytimeDef: Computing sequence (r j)⊆�

means to output (an)⊆� with ||rr jj−−aa〈〈〈〈〈〈〈〈j,mj,m〉〉〉〉〉〉〉〉/2/2
mm||≤≤22--mm

s.t. s.t. aa00,...,...aan   n   appearsappears in in poly(poly(nn)) stepssteps= = poly(poly(m+jm+j)  )  stepssteps
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Proof (Sketch)

Fact: f analytic on [-r;r]

⇒⇒⇒⇒ |f(j)(x)| ≤ j! · C · (r/2)-j on [-r/2;r/2]  for some C∈�

Proof "⇒": Since r<s<R,  ∃B∈� ∀j:  |cj| ≤ B/sj.
Tail bound |∑j>J cj·zj| ≤ B·(r/s)J · geometr.series ≤ 2-n

in in polytimepolytimeDef: Computing sequence (r j)⊆�

means to output (an)⊆� with ||rr jj−−aa〈〈〈〈〈〈〈〈j,mj,m〉〉〉〉〉〉〉〉/2/2
mm||≤≤22--mm

s.t. s.t. aa00,...,...aan   n   appearsappears in in poly(poly(nn)) stepssteps= = poly(poly(m+jm+j)  )  stepssteps

Theorem: Theorem: Fix Fix ((ccjj))⊆⊆�� and and rr<<RR=1/limsup=1/limsupjj ||ccjj ||
1/1/jj.  .  

((ccjj) ) is is polytimepolytime iffiff [[ --rr ;;rr ] ] ∋∋ x x →→ ∑∑jj ccjj··xx
jj isis polytimepolytime..

Recall computing f''(x): Given n∈� output (f(x+δ)−f(x))/δ.

f''(y) = (f(x+δ)−f(x))/δ for some y∈[x,x+δ]: 

by the Mean Value Theorem. Then | f''(y)− f''(x) | ≤ 2-n.

δ:=2-µ''(n)δδ:=:=22--nn/||/||ff'''' ||||∞∞

((jj)`)`

Lagrange
Interpolation,

[Ko91, p].206ff]
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Operations on Analytic Functions

Theorem: Theorem: Fix Fix ((ccjj))⊆⊆�� and and rr<<RR=1/limsup=1/limsupjj ||ccjj ||
1/1/jj.  .  

((ccjj) ) is is polytimepolytime iffiff [[ --rr ;;rr ] ] ∋∋ x x →→ ∑∑jj ccjj··xx
jj isis polytimepolytime..

Corollary:Corollary: Fix analyticFix analytic ff::((--RR;;RR)), , polytimepolytime on on [[ --rr ;;rr ].].

a) a) f'f' and and ff((jj)) are again are again polytimepolytime on on [[ --rr ;;rr ]]

b)b) ∫∫ff is again is again polytimepolytime on on [[ --rr ;;rr ]]

c)c) Max(Max(ff)) is again is again polytimepolytime on on [[ --rr ;;rr ]]

Max(Max(ƒƒ): ): xx →→
maxmax{ { ƒƒ((tt): ): t t ≤≤ x x }}Fact: Maximizing polynomials

is polytime computable.
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Complexity of Parametric Maximization

•• isis computablecomputable in in EXPEXP / / PSPACEPSPACE

•• isis polytimepolytime, , providedprovided thatthat PPPPPPPP==NPNPNPNPNPNPNPNP::

1/2n

1/2µ(n)

f

Fix polytime ƒ:[0;1]→[0;1]
with modulus µ∈��[[nn]] ..

and and employemploy

{{ (2(2nn,b,c,b,c) ) ||
b b < < 22µµ((nn)), , c c < < 22n n ,,
∃∃aa≤≤bb: : φφnn((aa) ) ≥≥ cc } } ∈∈NPNP

forfor bisectionbisection w.r.tw.r.t. . cc..

Max(Max(ƒƒ): ): xx →→
maxmax{ { ƒƒ((tt): ): t t ≤≤ x x }}

xx≈≈bb/2/2µµ((nn

yy≈≈cc/2/2nn

Let φn:⊆�→� be computable in time polynom. in n
s.t. | f(a/2µ(n)) – φn(a)/2n | ≤ 2-n for all a∈{0,…2µ(n)-1}
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∫ƒ∫ƒ: : xx →→ ∫∫
xx ƒƒ((tt) ) ddtt

•• isis computablecomputable in in EXPEXP / / PSPACEPSPACE

•• isis polytimepolytime, , providedprovided thatthat FPFPFPFPFPFPFPFP==##PPPPPPPP::

1/2n

1/2µ(n)

f

Fix polytime ƒ:[0;1]→[0;1]
with modulus µ∈��[[nn].].

and and employemploy

(2(2nn,b,b))→→
#{ (#{ (aa,,cc) | ) | c c < < 22n n ,, a a ≤≤ bb ,  ,  

φφnn((aa) ) ≥≥ cc } } ∈∈########PP

Complexity of Indefinite Integration

xx≈≈bb/2/2µµ((nn

yy≈≈cc/2/2nn

Let φn:⊆�→� be computable in time polynom. in n
s.t. | f(a/2µ(n)) – φn(a)/2n | ≤ 2-n for all a∈{0,…2µ(n)-1}
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∫∫
11 ƒƒ((tt) ) ddtt

•• isis computablecomputable in in EXPEXP11111111 / / PSPACEPSPACE11111111

•• isis polytimepolytime, , providedprovided thatthat FPFPFPFPFPFPFPFP11111111==##PPPPPPPP11111111::

1/2n

1/2µ(n)

f

Let φn:⊆�→� be computable in time polynom. in n
s.t. | f(a/2µ(n)) – φn(a)/2n | ≤ 2-n for all a∈{0,…2µ(n)-1}

Fix polytime ƒ:[0;1]→[0;1]
with modulus µ∈��[[nn].].

and and employemploy

22n n →→

#{ (#{ (aa,,cc) | ) | c c < < 22n n ,, a a ≤≤ 22µµ((nn)),  ,  
φφnn((aa) ) ≥≥ cc } } ∈∈########PP11111111

Complexity of Definite Integration

xx≈≈bb/2/2µµ((nn

yy≈≈cc/2/2nn
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•• solutionsolution zz()() existsexists accordingaccording to to Peano'sPeano's TheoremTheorem

•• butbut isis notnot uniqueunique;;

Fix polytime ƒ:[0;1]×[-1;1]→[-1;1]

Complexity of ODESOLVE

ŜŜ((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0

[Pour[Pour--El&Richards'79]El&Richards'79]

Suppose f is Lipschitz-continuous: µ(n) = n+O(1)

•• solutionsolution isis uniqueunique accordingaccording to to PicardPicard--LindelLindelööff!!

•• commoncommon approachapproach Euler'sEuler's Method/RungeMethod/Runge KuttaKutta::

zz((tt++δδ) ) ≈≈ zz((tt) + ) + δδ··ŜŜ((tt) = ) = zz((tt) + ) + δδ··ff((zz,,tt))•• δδ ≈≈ 22--poly(poly(nn)) ⇒⇒
runsruns in in PSPACEPSPACE

generalizes indefinite integration

#P#P
NPNP

EXPEXPPP NPNP--
completecomplete

PSPACE
PSPACE

PSPACEPSPACE
completecomplete

In In generalgeneral nonenone of of thethe solutionssolutions isis computablecomputable!!
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To To everyevery LL∈∈NPNPNPNPNPNPNPNP therethere existsexists a a polytimepolytime

CC∞∞ functionfunction ggLL:[0;1]:[0;1]→→�� such such thatthat itit holdsholds::

Max(Max(ggLL))::xx→→maxmax{ { ggLL((tt): ): tt≤≤xx }} polytimepolytime ⇒⇒ LL∈∈PPPPPPPP

NPNPNPNPNPNPNPNP ∋∋ LL = = {{ NN∈∈�� || ∃ ∃MM<N<N: : 〈〈N,MN,M〉〉 ∈∈VV }} , , VV ∈∈ PPPPPPPP

'Max is NPNPNPNP-hard'

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1

t → ∑ ϕ(3tN³-3N²-M)/Nln N

〈N,M〉

N=1N=2N=3N=4
N=5

M=0M=0M=0,1,2M=0..3

t=1t=½t=⅓t=¼

M=1

tln(1/t)

0

t → ∑ ϕ(2tN²-2N)/Nln N

N

V∈PPPP ⇔ fV polytimepolytimeVV⊆⊆��

fV:
∈V

gL:

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
CC∞∞ ''pulse' pulse' functionfunction
polytimepolytime computablecomputable

CC∞∞

MANY local maxima
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##PPPPPPPP ∋∋ ψψ : : �� ∋∋ NN → → #{ #{ MM<N<N: : 〈〈N,MN,M〉〉 ∈∈VV }} , , VV ∈∈ PPPPPPPP

0

0.2

0.4

0.6

0.8

1

-1 -0.5 0 0.5 1

t → ∑ ϕ(3tN³-3N²-M)/Nln N

〈N,M〉

N=1N=2N=3N=4
N=5

M=0M=0M=0,1,2M=0..3

t=1t=½t=⅓t=¼

M=1

tln(1/t)

0

∈V

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
CC∞∞ ''pulse' pulse' functionfunction
polytimepolytime computablecomputable

CC∞∞

Integration is #PPPP/#PPPP1-hard

To To everyevery ψψ∈∈##PPPPPPPP therethere existsexists a a polytimepolytime

CC∞∞ functionfunction ggVV:[0;1]:[0;1]→→�� such such thatthat itit holdsholds::

∫∫ggVV:[0;1]:[0;1]22∋∋((x,y)x,y)→→∫∫xx
yy
ggVV((tt) ) ddtt polytimepolytime ⇒⇒ ψψ∈∈FPFPFPFPFPFPFPFP

gV:
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Complexity Conjectures in Numerics

•• Max(Max(ƒƒ): ): xx →→ maxmax{ { ƒƒ((tt): ): t t ≤≤ x x } } characterizescharacterizes NPNPNPNPNPNPNPNP

•• ∫ƒ∫ƒ: : xx →→ ∫∫00
xx ƒƒ((tt) ) dtdt characterizescharacterizes ##PPPPPPPP

•• ∫∫11ƒƒ: : xx →→ ∫∫00
11 ƒƒ((tt) ) dtdt characterizescharacterizes ##PPPPPPPP11111111

• odesolveodesolve: : CC11([0;1]([0;1]××[[ --1;1])1;1])∋ƒ→∋ƒ→ zz():  ():  
ŜŜ((tt)=)=ƒƒ((tt,,zz),  ),  zz(0)=0(0)=0.

∆u = f on B2(0,1)
u = 0 on ∂B2(0,1)

• Solution to Solution to Poisson'sPoisson's EquationEquation

isis classicalclassical & & characterizescharacterizes ##PPPPPPPP

• Solution to Solution to HeatHeat EquationEquation

characterizescharacterizes ##PPPPPPPP11111111

[[KawamuraKawamura''10]10]

[Kawamura,Steinberg,Z.2017][Kawamura,Steinberg,Z.2017]

ut=∆u , u(0) = f
on [0,1)d

characterizescharacterizes PSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACEPSPACE

[[Koswara,Pogudin,Selivanova,ZKoswara,Pogudin,Selivanova,Z. 2020]. 2020]
periodicperiodic
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Poisson's Equation

∆u = f on Bd(0,1)
u = 0 on ∂Bd(0,1)

PartialPartial differential equation: differential equation: 

involved solvability [Lewy'57ff],involved solvability [Lewy'57ff],

NavierNavier--Stokes' Stokes' Millennium ProblemMillennium Problem!!

∆u = f

u = 0"curvature""curvature"

[Hadamard] 
Well-posed:
• existence in 
a function class

• uniqueness
in said class

• continuous  
dependence

[Petrini'1908] Continuous [Petrini'1908] Continuous ff with with 

nono classicalclassical (i.e. (i.e. CC²²) solution ) solution uu..

→→ weak/weak/integrableintegrable/Sobolev solutions/Sobolev solutions

∆∆uu==uuxxxx++uuyyyy++……

DirichletDirichlet ProblemProblem
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Complexity of Poisson's Equation

∆u = f

Theorem Theorem [Kawamura,Steinberg,Z.2017] [Kawamura,Steinberg,Z.2017] 

Fix Fix polytimepolytime ff::Bd(0,1)→→��,  ,  dd>1>1..

a)a) The solution The solution uu exists, is exists, is classicalclassical, and unique., and unique.

b)b) Solution Solution uu is is polytimepolytime if  if  FP=#PFP=#P..

c)c) There exists a There exists a polytimepolytime (smooth) (smooth) ff such thatsuch that

uu polytimepolytime implies  implies  FP=#PFP=#P..

∆u = f on Bd(0,1)
u = 0 on ∂Bd(0,1)

"curvature""curvature" u = 0∆∆uu==uuxxxx++uuyyyy++……

DirichletDirichlet ProblemProblem
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Proof (Sketch) of Claim (b)

Fact:Fact: uu((xx) ) == ∫∫BB GGBB((xx,,yy))··ff((yy) ) ddyy

∆u = f

with the with the Green's Function Green's Function for for B=B=BBdd

GGBB((xx,,yy) ) == ΓΓ(|(|xx--yy||) ) −− ΓΓ(|(|xx||··||yy--xx/|/|xx||²²))

and and Fundamental Solution Fundamental Solution ΓΓ of of ∆u = 0:
ΓΓ((rr) = ) = lnln(1/r) / 2(1/r) / 2ππ inin dimdim dd=2=2

ΓΓ((rr) = ) = CC((dd))//rrdd--22 inin dimdim dd>2>2

Theorem Theorem [Kawamura,Steinberg,Z.2017] [Kawamura,Steinberg,Z.2017] 

Fix Fix polytimepolytime ff::Bd(0,1)→→��..

b)b) Solution Solution uu is is polytimepolytime if  if  FP=#PFP=#P..

Recall:Recall: InIndefinite definite RiemannRiemann integration is "in integration is "in #P#P".".

ImImproper integral: truncate and estimate error.proper integral: truncate and estimate error.

qed
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Proof (Sketch) of Claim (c)

Recall:Recall:

∆u = f

Theorem Theorem [Kawamura,Steinberg,Z.2017] [Kawamura,Steinberg,Z.2017] 

c)c) There exists a There exists a polytimepolytime ((smoothsmooth) ) ff::Bd(0,1)→→��

such that   such that   uu polytimepolytime implies  implies  FP=#PFP=#P..

ThereThere existsexists a a polytimepolytime gg:[0;1]:[0;1]→→��

such such thatthat ∫∫00
yy
gg((tt) ) ddtt polytimepolytime ⇒⇒ FP=FP=#P#P..

CC∞∞

For For radiallyradially symmetric  symmetric  ff((xx)=)=ff(|(|xx|)|),,

f(r) = ∆u(r) = (rd-1·u'(r))' / rd-1.
wlogwlog gg(0)=0(0)=0

ff((rr) := ) := gg((rr)/)/rrdd--11 polytimepolytime

⇒⇒ ((rrdd--11··u'u'((rr)))')' = = gg((rr))

wlogwlog gg||[0;[0;¼¼]]≡≡00

⇒⇒ rrdd--11··u'u'((rr) = ) = ∫∫ gg((rr) ) ddrr
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fundamental 
solution

uutt = = ∆∆uu

Heat Equation

ut = ∆u on [0,1)d  mod 1

periodicperiodicu(0) = u0

FourierFourier AnsatzAnsatz

ck = ∫ u0(x)·e-2πi〈k·x〉

u0(x) = ∑k∈�d ck·e2πi〈k·x〉

u(x,t) = ∑k∈�d ck·ee22ππii〈〈kk··xx〉〉−−44ππtktk²²

Fact: For continuous u0, (ck) is bounded

and u(x,t) is analytic in x for every t>0.

Theorem: Suppose u0 is polytime. 

a) (ck) is computable "in #P#P#P#P11111111"

b) So is u=u(x,t) for every fixed t>0.

c) #P11111111 is optimal for u=u(x,t)
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V. Complexity Theory over the Reals

� Polytime-computable real numbers

� Polytime-computable real functions

� Quantitative computability ⇔⇔⇔⇔ quantitative continuity

� Operations that preserve polytime functions

� (Strongly) polytime-computable real sequences

� Polytime analytic functions ⇔⇔⇔⇔ polytime Taylor series

� Operations that preserve polytime analytic functions
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� Parametric Maximization "in NP"

� Indefinite Riemann Integration "in #P"

� Definite Riemann Integration "in #P1111"

� ODESOLVE  "in PSPACE"

� Parametric Maximization is NPNPNPNP-"complete"

� In/definite integration is ####P/#PP/#PP/#PP/#P1111-"complete"

� Complexity of PDEs: Poisson and Heat Equation

� More numerical characterizations

of discrete complexity classes

V. Complexity Theory over Reals (2)


