
CS700 M. Ziegler
VI. Complexity on Metric Spaces

� Complexity on (elements of) metric spaces

� Complexity of functions 
(between metric spaces)

� Complexity and 
Quantitative Continuity?

� Polynomial Admissibility

� Polynomial Main Theorem

� Entropy = 
quantitat. compactness

� Standard representation

� 2nd-order Basic Space

Steinberg's Steinberg's 

LemmaLemma

continuous 
image of 
compact

entropycompact

complexitycomputability

compact compact 

ultraultrametricmetric
equilogical

space

modulus of 
continuity

(uniformly) 
continuous

metrictopology

quantitativequalitative



CS700 M. Ziegler(discrete) 
Recursion

Theory

Computational
Complexity

(P/NP)

Computability
over the Reals

Real 
Complexity

Theory

Computability
on separable
metric Spaces

TodayToday !!

Continuity
/ Topology

Metric
Properties

arbitr.
oracles

arbitr.
oracles

resource-bounds
(runtime, memory)

graphs, integers, …

resource-bounds
(runtime, memory)

*

ar
bi

tr.
or

ac
le

s

*

arbitr.

oracles

Numerics

PDEsPDEs, , LLpp WWkk,,pp

T
T

E
T

T
E



CS700 M. Ziegler

µµ==µµ((nn) ) isis a modulus of continuity ofa modulus of continuity of ξξ

Representation: surj. partial ξ:→X. ξ-name: u s.t ξ(u)=x

Complexity on Metric Spaces

ComputingComputing rr∈∈�� in in timetime tt: : 
outputoutput aa00,...,...aann+1+1 inin tt((nn)) stepssteps st.st. ||rr−−aamm/2/2mm| | ≤≤ 22--mm

Dyadic representat. δδ::⊆⊆BB∋∋((aann))→→rr∈∈�� s.t.  |r– an /2
n| ≤ 2-n

Recall: For tt:�→�, computing u∈C in timetime t means: 
output u0,...,un-1 in ≤t(n) steps.

DefDef:: Fix Fix representationrepresentation ξξ::→→((X,dX,d)). . ComputeCompute xx∈∈XX in in timetime tt: : 
Output Output uu00,...,...uuµµ inin ≤≤tt((nn)) stepssteps s.t.s.t.

(i)  (i)  therethere existexist uuµµ+1+1,...,... s.t.s.t. ξξ((uu00,...,...uuµµ,,uuµµ+1+1,...)=,...)=xx

(ii) (ii) dd((xx,,ξξ((uu))))≤≤22--nn forfor allall uuµµ+1+1,...,... withwith uu∈∈∈∈∈∈∈∈domdom((ξξ))

Modulus Modulus µµ:�→� of of hh:(:(AA,,dd))→→((BB,,ee):):
dd((a,a'a,a'))≤≤22--µµ((nn))  ⇒ ⇒ ee((hh((aa),),hh((a'a'))))≤≤22--nn

Cantor space CC={={00,,11}} ��, 
metric D(u,v)=2-min{n:un≠vn}

BB

BaireBaire space  space  BB =  =  ����,,

fin.prefixfin.prefix
of of namename

=:=:uu
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Recall: For tt:�→�, computing u∈C in timetime t means: 
output u0,...,un-1 in ≤t(n) steps.

ComputingComputing rr∈∈�� in in timetime tt: : 
outputoutput aa00,...,...aann+1+1 inin tt((nn)) stepssteps st.st. ||rr−−aamm/2/2mm| | ≤≤ 22--mm

Complexity of Functions

Modulus Modulus µµ:�→� of of hh:(:(AA,,dd))→→((BB,,ee):):
dd((a,a'a,a'))≤≤22--µµ((nn))  ⇒ ⇒ ee((hh((aa),),hh((a'a'))))≤≤22--nn

Cantor space CC={={00,,11}} ��, 
metric D(u,v)=2-min{n:un≠vn}

BaireBaire space  space  BB =  =  ����,,

ComputeCompute ff::⊆⊆��→→�� in time in time tt::
input input ((aamm))⊆⊆�� s.t.  s.t.  ||xx--aamm/2/2mm|| ≤ ≤ 22--mm, , computecompute yy==ff((xx)) in time in time tt..

regardlessregardless of of uu∈∈dom(dom(FF))xx∈∈dom(dom(ff) ) andand aa

DefDef:: Fix Fix representationrepresentation υυ::→→((Y,eY,e)). . ComputeCompute yy∈∈YY in in timetime tt: : 
Output Output vv00,...,...vvµµ inin ≤≤tt((nn)) stepssteps s.t.s.t.

(i)  (i)  therethere existexist vvµµ+1+1,...,... s.t.s.t. ξξ((vv00,...,...vvµµ,,vvµµ+1+1,...)=,...)=yy

(ii) (ii) ee((yy,,υυ((vv))))≤≤22--nn forfor allall vvµµ+1+1,...,... withwith vv∈∈∈∈∈∈∈∈domdom((υυ))

DefDef:: Fix Fix representationrepresentationss ξξ::→→((X,dX,d), ), υυ::→→((Y,eY,e)). . 
((ξξ,,υυ))--ccomputeompute f:f:XX→→YY in in timetime tt:  on input of :  on input of 
any any ξξ––name of name of xx∈∈dom(dom(ff)), compute , compute yy==ff((xx)) in in time time tt. . 

regardlessregardless
of of x∈dom(f)

X Y

C C

f
ξ υ

F
BB BB

=:=:vv

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

Recall: For tt:�→�, computing FF::⊆⊆CC→→CC in time tt means:
On input uu∈∈dom(dom(FF)),, compute vv=F=F ((uu)) in timetime t.

BB BB
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Complexity and Continuity?

ComputingComputing rr∈∈�� in in timetime tt: : 
outputoutput aa00,...,...aan  n  inin ≤≤tt((nn)) stepssteps s.t.s.t. ||rr−−aann/2/2

nn| | ≤≤ 22--nn

Recall: For tt:�→�, computing u∈C in timetime t means: 
output u0,...,un in ≤t(n) steps.

Modulus Modulus µµ:�→� of of hh:(:(AA,,dd))→→((BB,,ee):):
dd((a,a'a,a'))≤≤22--µµ((nn))  ⇒ ⇒ ee((hh((aa),),hh((a'a'))))≤≤22--nn

BBRecall: For tt:�→�, computing FF::⊆⊆CC→→CC in time tt means:
On input uu∈∈dom(dom(FF)),, compute vv=F=F ((uu)) in timetime t.

ComputeCompute ff::⊆⊆��→→�� in time in time tt::
input input ((aamm))⊆⊆�� s.t.  s.t.  ||xx--aamm/2/2mm|| ≤ ≤ 22--mm, , computecompute yy==ff((xx)) in time in time tt..

BB BB

DefDef:: Fix Fix representationrepresentationss ξξ::→→((X,dX,d), ), υυ::→→((Y,eY,e)). . 
((ξξ,,υυ))--ccomputeompute f:f:XX→→YY in in timetime tt:  on input of :  on input of 
any any ξξ––name of name of xx∈∈dom(dom(ff)), compute , compute yy==ff((xx)) in in time time tt. . 

regardlessregardless
of of x∈dom(f)

X Y

C C

f
ξ υ

F

F::⊆⊆CC→→CC computable in time t
⇒ t is a modulus of continuity of F

f::⊆⊆��→→�� computable in time t
⇒ O(t(O(n))) is a modulus of continuity of f

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

((VeryVery) different ) different fromfrom

computingcomputing a a ((ξξ,,υυ))--
realizerrealizer of of ff in time in time tt!!

Continuous reduction ξξ''��ξξ means: (ξ',ξ)-realizerrealizer of id:X→X.ξξ''��ξξ means ξ'' ⊑⊑⊑⊑ ξ◦F for some continuous F:dom(ξ'')→dom(ξ)

Theorem: f::⊆⊆��→→�� has modulus poly(µ(poly(n)))
⇔ has a (δ,δ)-realizer with modulus poly(µ(poly(n))).

Recall: Representation ξ of X is admissibleadmissible
(i) is continuous and 
(ii) every continuous 
surjectivesurjective ξ':→X
satisfies  ξξ''��ξ.ξ.

(standardstandard)  if
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Quantitative Admissibility

X Y

C C

f
ξ υ

F

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.

Recall: Representation ξ of X is admissibleadmissible
(i) is continuous and 
(ii) every continuous 
surjectivesurjective ξ':→X
satisfies  ξξ''��ξ.ξ.
RecallRecall Main TheoremMain Theorem : : Fix  Fix  standard  standard  ξξ::→→XX and  and  υυ::→→YY. . 
ff::XX→→YY is continuous is continuous iffiff it has a continuous it has a continuous ((ξξ,,υυ))--realizerrealizer..

Every 2ndEvery 2nd--countable Tcountable T00 space admits a space admits a standardstandard representation.representation.

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.Continuous reduction ξξ''��ξξ means: (ξ',ξ)-realizerrealizer of id:X→X.

Real Main Theorem: f::⊆⊆��→→�� has modulus poly(µ(poly(n)))
⇔ has a (δ,δ)-realizer with modulus poly(µ(poly(n))).

ξξ''��ξξ means ξ'' ⊑⊑⊑⊑ ξ◦F for some continuous F:dom(ξ'')→dom(ξ)
ξξ''��ppξξ means ξ'' ⊑⊑⊑⊑ ξ◦F for F:dom(ξ'')→dom(ξ) with modulus ν

Recall:Recall: If  If  f:Xf:X→→YY has has µµ
and  and  gg::YY→→ZZ has has νν,  ,  
then  then  gg◦◦ff has  has  µ◦νµ◦ν..

transitivetransitive

st. ν(µ(n))≤µ'(poly(n)) for some mod. µ of ξ and every µ' of ξ' the the minimalminimal modulimoduli µµ,,µµ'  '  of  of  ξξ,,ξξ''

(standardstandard)  if

admissibleadmissible

Lemma: i) Lemma: i) δδ::⊆⊆CC→→[0;1][0;1] has modulus poly(n)
ii) ii) every every ξξ''::→→[0;1][0;1] has:  ξξ''��ppδδ
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RecallRecall Main TheoremMain Theorem : : Fix  Fix  standard  standard  ξξ::→→XX and  and  υυ::→→YY. . 
ff::XX→→YY is continuous is continuous iffiff it has a continuous it has a continuous ((ξξ,,υυ))--realizerrealizer..

Polyn.Admissibility/Main Theorem

X Y

C C

f
ξ υ

F

A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.A (ξ,υ)-realizerrealizer of f:X→Y is a F:dom(ξ)→dom(υ) s.t.  f◦ξ ⊑⊑⊑⊑ υ◦F.Continuous reduction ξξ''��ξξ means: (ξ',ξ)-realizerrealizer of id:X→X.

Real Main Theorem: f::⊆⊆��→→�� has modulus poly(µ(poly(n)))
⇔ has a (δ,δ)-realizer with modulus poly(µ(poly(n))).

Lemma: i) Lemma: i) δδ::⊆⊆CC→→[0;1][0;1] has modulus poly(n)
ii) ii) every every ξξ''::→→[0;1][0;1] has:  ξξ''��ppδδ

ξξ''��ξξ means ξ'' ⊑⊑⊑⊑ ξ◦F for some continuous F:dom(ξ'')→dom(ξ)
ξξ''��ppξξ means ξ'' ⊑⊑⊑⊑ ξ◦F for F:dom(ξ'')→dom(ξ) with modulus ν

st. ν(µ(n))≤µ'(poly(n)) for some mod. µ of ξ and every µ' of ξ' 

Recall: Representation ξ of X is admissibleadmissible
(i) is continuous and 
(ii) every continuous 
surjectivesurjective ξ':→X
satisfies  ξξ''��ξ.ξ.

(standardstandard)  ifDef: Call ξ:⊆C→X polynomiallypolynomially admissibleadmissible
(i) has modulus  µξ(n)≤poly(ηη(poly(n)))
(ii) every surjectivesurjective ξ':→X satisfies  ξξ''��ppξ.ξ.
ηη==ηηXX::��→→�� denotesdenotes thethe entropyentropy ofof ((XX,,dd))..

admissibleadmissiblewith with ηηYY((nn))≥≥ΩΩ((nnεε) ) hashas a a polynom.polynom.standardstandard representation representation υυ..
b) b) IfIf ff::XX→→YY has modulus has modulus µµff, , thenthen itit has a has a (ξ,υ)-realizer F

with modulus µµFF s.t. µµF F ◦ ηηYY ≤ µµff ◦ poly ◦ ηX ◦ poly.
c) c) IfIf ff::XX→→YY has has a a (ξ,υ)-realizer F with modulus µµFF, , 

thenthen f has modulusmodulus µµff s.t. s.t. µµff ◦ ηηXX ≤ µµF F ◦ poly ◦ ηY ◦ poly.

PolynPolyn .. Main TheoremMain Theorem : a) : a) Every compact Every compact ((YY,,ee))

δδδδδδδδ isis polynpolyn. . 
standardstandard

Lemma Lemma [Steinberg'17][Steinberg'17] : If  : If  ff::AA→→BB has modulus has modulus µµ andand
AA has entropy has entropy ηηAA, then , then range(range(ff))⊆⊆BB has entropy has entropy ≤≤ηηAA◦µ◦µ..

η η η η η η η η ≤≤≤≤≤≤≤≤ µµµµµµµµξξξξξξξξ

υυ' := ' := ξξ◦◦ff

f◦ξ ⊑⊑⊑⊑
⊑⊑⊑⊑ υ◦F
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Entropy (=Quantitative Compactness)

Lemma: i) Lemma: i) δδ::⊆⊆CC→→[0;1][0;1] has modulus poly(n)

ηη==ηηXX::��→→�� denotesdenotes thethe entropyentropy ofof ((XX,,dd))..

admissibleadmissiblewith with ηηXX((nn))≥≥ΩΩ((nnεε) ) hashas a a polynom.polynom.standardstandard representation representation ξξ..
PolynPolyn .. Main TheoremMain Theorem : a) : a) Every compact Every compact ((XX,,dd))

DefDef [Kolmogorov'59]:  [Kolmogorov'59]:  EntropyEntropy of  of  ((X,dX,d)) is  is  ηη::��→→�� s.ts.t. . XX
can be covered by can be covered by 22ηη((nn)), but not , but not 22ηη((nn))--11, balls of radius , balls of radius 22--nn..

ExamplesExamples :: a)a) [[ --22kk;2;2kk]]dd has entropy has entropy ηη((nn)=)=ΘΘ((dd··((nn++kk))))

Lemma Lemma [Steinberg'17][Steinberg'17] : If  : If  ff::AA→→BB has modulus has modulus µµ andand

AA has entropy has entropy ηηAA, then , then range(range(ff))⊆⊆BB has entropy has entropy ≤≤ηηAA◦µ◦µ..

(i) Represent. (i) Represent. ξ:ξ:⊆⊆CC→→XX has modulus  has modulus  µµξξ((nn))≤≤polypoly((ηη((poly(poly(nn))))))
Necessary Necessary 

η η η η η η η η ≤≤≤≤≤≤≤≤ µµµµµµµµξξξξξξξξ

c)c) XX'' = = LipLip11((XX,,CC)) has entropy  has entropy  ηη''((nn))==22poly(poly(nn++ηη((ΘΘ((nn))))))..
b)b) CC=={{ 00,,11}} �� has has entropyentropy ηη((nn)=)=nn
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Constructing Standard Representation

admissibleadmissiblewith with ηηXX((nn))≥≥ΩΩ((nnεε) ) hashas a a polynom.polynom.standardstandard representation representation ξξ..
PolynPolyn .. Main TheoremMain Theorem : a) : a) Every compact Every compact ((XX,,dd))

DefDef [Kolmogorov'59]:  [Kolmogorov'59]:  EntropyEntropy of  of  ((X,dX,d)) is  is  ηη::��→→�� s.ts.t. . XX
can be covered by can be covered by 22ηη((nn)), but not , but not 22ηη((nn))--11, balls of radius , balls of radius 22--nn..

(i) Represent. (i) Represent. ξ:ξ:⊆⊆CC→→XX has modulus  has modulus  µµξξ((nn))≤≤polypoly((ηη((poly(poly(nn))))))
Necessary Necessary 

η η η η η η η η ≤≤≤≤≤≤≤≤ µµµµµµµµξξξξξξξξ

b)b) CC=={{ 00,,11}} �� has has entropyentropy ηη((nn)=)=nn

For n, number centers ccNN of covering balls: ��∋∋NN<<22ηη((nn))..
Name of Name of xx∈∈XX : list : list NNnn+1+1 of indices of balls  of indices of balls  B(B(ccNN,2,2--nn--11) ) ∋∋ xx
NNnn in in binarybinary: length : length ηη((nn+1+1)) ⇒⇒ modulus modulus ∑∑mm≤≤nn+1+1 ηη((nn+1+1) ) 

∑∑mm≤≤nn+1+1 ηη((nn+1+1)  )  ≤≤ ((nn+1)+1)··ηη((nn+2+2) ) ≤≤ ((ηη((nn+2+2))))1+1/1+1/εε

c)c) XX'' = = LipLip11((XX,,CC)) has entropy  has entropy  ηη''((nn))==22poly(poly(nn++ηη((ΘΘ((nn))))))..
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2nd-Order Basic Space

Any representation Any representation ξ:ξ:⊆⊆CC→→XX has modulus has modulus ηηηηηηηηXX ≤≤≤≤≤≤≤≤ µµµµµµµµξξξξξξξξ

c)c) XX'' = = LipLip11((XX,,CC)) has entropy  has entropy  ηη''((nn))==22poly(poly(nn++ηη((ΘΘ((nn))))))..
b)b) CC=={{ 00,,11}} �� has has entropyentropy ηη((nn)=)=nn

Lemma Lemma [Steinberg'17][Steinberg'17] : If  : If  ff::AA→→BB has modulus has modulus µµ andand

AA has entropy has entropy ηηAA, then , then range(range(ff))⊆⊆BB has entropy has entropy ≤≤ηηAA◦µ◦µ..

Replace basic space CC=={{ 00,,11}} �� = = {{ 00,,11}} {{ 11}*}* ((seq.access)

with C' C' = = LipLip11((CC,,CC) = ) = {{ 00,,11}} {{ 00,,11}*}* rand./indirect access

access um in m steps SHIFTaccess um in O(log m) steps

0

1

1111

1

0

0 0 0 0

01

"Application""Application"

C'C'××C C ∋∋ ((x'x',,xx))
→→ x'x'((xx) ) ∈∈ CC

notnot in in polytimepolytimenow
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