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Recall: For t:N—N, computing uC‘B in time t means:
output Uy,... .U, in <t(n) steps.

Computing rLJR in time t:
fin.prefix | —eutput a.,..a. .. | —a,/2m < 2'm
[ PretiX—output a,.. &, in t(n) steps st. r—a/2M <2

of name

Def: Fix/rﬁ\resentation E:—(X,d). Compute XLIX in time t:
Output Uy,..U, in <t(n) steps s.t. _=:U
(i) there exist Uyiq,eee Sit. &(@),...uﬂ,uﬂﬂ,.. )=X

(i) [d(xE(W)<2" for all U, ... with uldom(&)]

u=p(n) is a modulus of continuity of &

Modulus p:N—N of h:(A,d)—(B,e): | Baire space B= 27",
d(a,a)<2tW = g(h(a),h(a))<2™" |metric D(u,v)=2Minnu#v;

Dyadic representat. 6:0Ba)—rOR s.t. |[r—a, /2" <2"




Complexity of Functions KAlST
CS700 M. Ziegler

Recall: For t:N—N, computing F:L‘B-‘B in time { means:
On input uCldom(F), compute v=F (u) in time L.
Compute f:lLJR—R in time t: ‘ regardless of | deomG) and a

input (& )L1Z s.t. [x-a /2™ < 2™ compute y=f(X]in time t.
Def: Fix representation v:—(Y,89. Compute YLIY in time t:

Output Vy,..v, in <t(n) steps s.t. =iV X—f> Y
(i) there exist V... S.t. &({o,- . Vo Vi )Y € IU
(i(ely,o(v))<2" for all v,.,,... with vCldom(v) ] F

Def: Fix representations & —(X,d), v:i—(Y,8. regardless
(&,v)-compute f:X—Y in firie & on input of LgeiR s (e11alij)

any E—name of xLldom(f), compute y=Ff(X) in e &
A (&,v)-realizer of f:X—Yis a F.domE)—dom) s.t. fo& L veF.
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Complexity and Continuity?

Recall: F:00C—C computable in time t
— t is a modulus of continuity of F

Theorem: f:00R—R has modulus poly(u(poly(n)))
= has a (0,0)-realizer with modulus poly(u(poly(n))).
Recall: Representation ¢ of X is admissible (standard) if

() s contlnuc)tgs and “ery) different from X—=>Y
(ii) every CO'I.’I inuous |~ o uting (£.0)- ET IU
Strjestve ¢ X realizer of f in time t! F
satisfies ¢'<¢. ~ “\C —C
Def: Fix representations &.—(X,d), v: regardless
(&,0)-compute f:X—Y in time t: on input of xOJdom()
any &-name of x{ldom(), compute y=f(x) in time t.

¢'<& means &'t &oF for some continuous F:domE')—dom(
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Quantitative Admissibility
Lemma: i) 6:0JC—[0;1] has modulus poly(n)
i) every £"—[0;1] has: ¢'<,0

Real Main Theorem: f:[JR—R has modulus poly(u(poly(n)))

= has a (0,0)-realizer with modulus poly(u(poly(n))).
Recall: Representation ¢ of X is admissible (standard) if

(I) > contlnuogs and Recall: If f:X—Y has p X f Y
(i) every continuous ET IU

ective £ X and g.Y—Z hasv,
SEIH%EEIE% T o o)
satisfies &'<¢. then g-f has pev. C —C

F

Recall Main rem : Fix admissible &:—X and v:—Y.
wrLontinuous iff it has a continuous (&,v)-realizer.
&= ‘means &' EEOF for F:dofn(ii')—»dom'@ with modulus v
st. v(u(n))<u'(poly(n)) for the minimal moduli p,p' of &€
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Lemma: i) 6:0JC—[0;1] has modulus poly(n) (3 is polyn.
i) every £"—[0;1] has: &'<,0 standard

Lemma [Steinberg'l7] : If f:A—B has modulus p and |fo& C
A has entropy n,, then rangef)LIB has entropy <n,°u. |C veoF

Def: Call &:00C—X polynomially admissible (standard) If

(i) has modulus p.(n)<poly(n(poly(n))) X —

Polyn . Main Theorem : a) Every compact (Y,€)
with n(n)=Q(N°) has a polynom.standard representation v

b) If :X—Y has modulus p,, then it has a (&,v)-realizer F
with modulus p- s.t. pe°ny < e poly ° ny ° poly.
c) If :X—Y has a (§,v)-realizer F with modulus p,
then f has modulus p S.t. p.° 1y S pe-° poly o ny e poly. 1=
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Entropy (=Quantitative Compactness)
Lemma: i) 6:0JC—[0;1] has modulus poly(n)

Def [Kolmogorov'59]: Entropy of (X,d) is N:N—N s.t. X
can be covered by 27 put not 21("-1 palls of radius 2™,

Lemma [Steinberg'17] : If f:A—B has modulus p and
A has entropy 1,, then rangef)[1B has entropy <n,°p.
(i) Represent. {:00C—X has modulus p.(n)<poly(n(poly(n)))

N=1x.N—N denotes the entropy of (X,d). Y\Iecessary
Polyn . Main Theorem : a) Every compact (X,d)

ns K

with 1, (N)=€(n?) has a polynom.standard representation &.

Examples : a) [-2¥,2K9 has entropy n(n)=@(d-(n+k))
b) C={0,1} has entropy n(n)=n
¢) X =Lip,(X,C) has entropy n'(n)=2rlrm(®Mm)
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Constructing Standard Representation

Def [Kolmogorov'59]: Entropy of (X,d) is N:N—-N s.t. X
can be covered by 27 put not 21("-1 palls of radius 2™,

For n, number centers ¢, of covering balls: NIN<21(",

Name of XOIX : list N, of indices of balls B(cy,2™*) UXx
N, in binary: length n(n+1) = modulus 2. ., N(n+1)

(i) Represent. {:00C—X has modulus p.(n)<poly(n(poly(n)))

Y\Iecessary
Polyn . Main Theorem : a) Every compact (X,d) N s M
with 1y (N)>Q(n%) has a polynom.standard representation &.

Y ey N(N+D) < (N+1)N(N+2) < (n(n+2))2+1k
b) C={0,1}" has entropy n(n)=n

¢) X = Lip,(X,C) has entropy n'(n)=2rlrm(®Mm)
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2nd-Order Basic Space

Replace basic space C={0,1}Y¥={0,1}{1}* (seqg.access)
access Uy, in O(log m) steps ] [(access U, in m steps SHI FT

with C' = Lip,(C,C) ={0,1}1%¥ rand./indirect access

Lemma [Steinberg'17] : If f:A—B has modulus p and
A has entropy 1,, then rangef)[1B has entropy <n,°p.

Any representation &:[]C—X has modulus Ny < W
D 1

° "Application" |~
0\ o 21 o%C O ) M
o1 ofu o1 ofu —>X'(X)i:|C | 1 | 0 ‘ ' ‘ ' ‘
030000 D0
36300066300080de [aMin polytime V\ /\
b) C={0,1}" has entropy n(n)=n R AW

c) X = Lip,(X,C) has entropy n'(n)= 2poly(n(©(n)
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