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VII. Imperative Real Programming 

�WHILE Programs: 

� over �, over �, over � � �=Kleene

�Non-Extensional Integer Rounding:

� naïve  and  fast

� Exponential Function

� Trisection for Simple Unique Root Finding

�Matrix determinant with multival. pivoting

���� WHILE Programs: Turing-complete

ComputingComputing f:⊆�→� meansmeans: : ConvertConvert anyany aa=(=(aamm))⊆⊆� � 

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm,  to,  to ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2
nn|| ≤ ≤ 22--nn
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WHILE++ Program over ����

P := ( xj := 0 | xj := 1 | xxjj := := xxii ++ xxkk |  xxjj := := xxii ⊖⊖ xxkk

| xxjj := := xxii ⊘⊘ 22 |  P ; P |  WHILE xj DO P END )

IF x>0 THEN P ENDIF

FOR N:=K TO L DO P ENDFOR   ⇔⇔⇔⇔
N:=K; WHILE (N<L+1) DO P ; N:=N+1; ENDWHILE

x>y ⇔⇔⇔⇔ (x⊖y)>0

⇔⇔⇔⇔ ( t:=x; WHILE t DO P ; t:=0 ; ENDWHILE )

x=0  ⇔⇔⇔⇔
( r:=0; IF x>0 THEN r:=0; ENDIF ; "RETURN r" )

looploop executedexecuted as as longlong asas xxjj>>00
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P := ( xj := 0 | xj := 1 | xxjj := := xxii ++ xxkk |  xxjj := := xxii ⊖⊖ xxkk

| xxjj := := xxii ⊘⊘ 22 |  P ; P |  WHILE xj DO P END )

WHILE++ Program over ��������

undecidableundecidable!!

——

÷÷
looploop executedexecuted as as longlong asas xxjj>>00

•• realreal comparison "comparison "xx>0>0" has " has partialpartial semantics:semantics:

•• tt for for xx>0>0,  ,  ff for for xx<0<0,, uu for for xx=0=0: : KleeneKleene Logic Logic ��

•• uu different from different from mathematmathemat.. undefinedundefined ↓↓↓↓↓↓↓↓ = = 1/01/0

•• softsoft comparisoncomparison ""x x >>z z 00" " multimultivaluedvalued::

±±22zz

t

f

t for x≥−2z

f for x≤+2z
•• integer integer roundingrounding

�� ∋∋ xx →→ xx , , xx , , xx ∈∈ ��

ununcomputablecomputable
z→-∞



CS700 M. Ziegler
WHILE Program over � � �� � �� � �� � �� � �� � �� � �� � �

•• realreal comparison "comparison "xx>0>0" has " has partialpartial semantics:semantics:

•• tt for for xx>0>0,  ,  ff for for xx<0<0,, uu for for xx=0=0: : KleeneKleene Logic Logic ��

•• uu different from different from mathematmathemat.. undefinedundefined ↓↓↓↓↓↓↓↓ = = 1/01/0

•• softsoft comparisoncomparison ""x x >>z z 00" " multimultivaluedvalued 1 : x≥ −2z

0 : x≤ +2z

Types INTEGER=�, REAL=�, 

KLEENE=�={ t ,f ,u}

"Error" embedding

ιι::��∋∋zz→→22zz∈∈��

−−ιι((zz))

++ιι((zz))
Theorem: The three-sorted structure 

(�,0,1,+ ,− , ≤) ∪ (�,0,1,+ ,− ,×××××××× ,≤) ∪ (�,t ,f ,uu,¬,∨,∧)
with "error" embedding ιι::��∋∋zz→→22zz∈∈�� is decidable.

choose(choose( kk11,, ……,, kkdd) ) == somesome j=1...dj=1...d s.t.  s.t.  kkjj = = tt

choose ( x<ι(z) , x>-ι(z) )-1 ==
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Naive Non-extensional Integer Rounding

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y ““ = = uu ifif xx==yy..
•• choose(xchoose(x 11>y>y 11,, ……,x,x dd>y>y dd) ) == somesome jj s.t.  s.t.  xxjj>y>y jj

Round: Round: �� ∋∋ rr →→ zz ∈∈ �� s.t.s.t. rr--1 < 1 < zz ≤≤ rr+1   +1   ((22 choiceschoices))

INTEGER Round (REALINTEGER Round (REAL rr) {) {

INTEGERINTEGER zz:=0; REAL:=0; REAL xx:=:= rr;;

WHILE  choose( WHILE  choose( zz < < rr , , zz >> rr-- 1 ) == 1  DO 1 ) == 1  DO 

zz := := zz + 1; + 1; END;END;

WHILE  choose( z WHILE  choose( z >> r , z r , z << rr ++1 ) == 1 ) == 11 DO DO 

z := z z := z -- 1; 1; END;END;

RETURN z; }RETURN z; }

(�,0,1,+,>) and  (�,0,1,+,×,>) with ι:�∋p→2p∈�

zr>r

zr<r
REALREALzrzr:=0;:=0;

zrzr:=zr+1;:=zr+1;

zrzr:=zr:=zr -- 1;1;
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Fast Non-extensional Integer Rounding

INTEGER Round (REALINTEGER Round (REAL rr) {) {

INTEGERINTEGER zz:=0; REAL:=0; REAL xx:=:= rr;  ;  INTEGERINTEGER bb; INTEGER; INTEGER kk:=0;:=0;

WHILE WHILE choosechoose ( |( | xx|> |> ½½ , |, | xx| < 1 ) == 1 DO| < 1 ) == 1 DO

kk:=:= kk+1;   +1;   xx:=:= xx/2;  END;  // /2;  END;  // normalizenormalize to |to | x|x|<1<1

WHILE WHILE kk>0 DO  >0 DO  xx := := xx·· 2;  2;  

bb := := choosechoose ( ( xx<0 , <0 , -- 1<1<xx<1 , <1 , xx>0 ) >0 ) -- 2;   2;   
// // mostmost signifsignif . . signedsigned bin. bin. digitdigit -- 1,0,+1 of 1,0,+1 of xx

xx := := xx -- bb;  ;  zz := := zz + + zz + + bb;  ;  kk := := kk -- 11;;

END; RETURN END; RETURN zz; }; }

(�,0,1,+,>) and  (�,0,1,+,××××,>) with ι:�∋p→2p∈�

Round: Round: �� ∋∋ rr →→ zz ∈∈ �� s.t.s.t. rr--1 < 1 < zz ≤≤ rr+1   +1   ((22 choiceschoices))

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y ““ = = uu ifif xx==yy..
•• choose(xchoose(x 11>y>y 11,, ……,x,x dd>y>y dd) ) == somesome jj s.t.  s.t.  xxjj>y>y jj
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Exponential Function

REAL REAL ExpExp (INTEGER (INTEGER pp; REAL x) {  ; REAL x) {  // // x x ≤≤ 11

INTEGER j:=0; REAL INTEGER j:=0; REAL rjrj :=0;      // j == :=0;      // j == rjrj

REAL sum:=0; REAL REAL sum:=0; REAL xjxj :=1;      // :=1;      // xjxj == == x^j/jx^j/j !!

WHILE WHILE jj ≤≤-- pp DODO

sumsum := sum + := sum + xjxj ;;

j := j+1;  j := j+1;  rjrj := := rjrj + 1;  + 1;  

xjxj := := xjxj ×××××××× x / x / rjrj ;;

END;  RETURN sum; }END;  RETURN sum; }

Arg.sArg.s givengiven exactlyexactly, , returnreturn approxapprox.. up to up to errorerror 22pp

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y ““ = = uu ifif xx==yy..
•• choose(xchoose(x 11>y>y 11,, ……,x,x dd>y>y dd) ) == somesome jj s.t.  s.t.  xxjj>y>y jj

Lemma: For xx≤≤11,  | exp(x) −∑j≤-p xj/j! | ≤ 2p

For arbitrary x∈�, use

exp(x+y) = exp(x) · exp(y)
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Recall Computability of rootof

"Any computable functionalal is continuous!"

Computable Intermediate Value Theorem: 
Suppose  f:[0;1]→[-1;1] is continuous  with  f(0)<0<f(1).
Then f has a root: some (or many)  x∈[0;1]  with  f(x)=0.

Computable Intermediate Value Theorem: 

Then f has some computable root x∈[0;1]  with  f(x)=0.
Suppose  f:[0;1]→[-1;1] is computable with  f(0)<0<f(1).

Proof (Bisection): 
f has (at least one) root in [a;b].
• If f((a+b)/2)<0 then let  a:=(a+b)/2 and continue.

• If f((a+b)/2)>0 then let  b:=(a+b)/2 and continue.

• If f((a+b)/2)==0 then return (a+b)/2.

Initially a:=0, b:=1.

n-th iteration:   |b-a| = 1/2n

ff has a root inhas a root in ��: : 
computable!computable! ((ff is fixed!)is fixed!)
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Trisection for Simple Unique Root Finding

REAL REAL TrisectionTrisection (INTEGER (INTEGER pp; [0;1]; [0;1] →→REALREALff) {) {

// // ff(( xx) < 0 < ) < 0 < ff(( yy),   ),   ∃∃∃∃∃∃∃∃!  !  !  !  !  !  !  !  zz∈∈∈∈∈∈∈∈[0,1]: [0,1]: ff(( zz)=0)=0

REAL REAL xx:=0; REAL :=0; REAL yy:=1; :=1; 

WHILE choose( WHILE choose( yy-- xx > 2> 2 pp-- 1  1  , 2, 2 pp > > yy-- xx ) == 1  DO) == 1  DO

IF choose ( 0>f(IF choose ( 0>f( (2(2 xx++yy)) // 33) , 0<f() , 0<f( (( xx+2+2yy)) // 33) ) == 1) ) == 1

THEN  THEN  xx:=(2:=(2 xx++yy)/3;  )/3;  

ELSE  ELSE  yy:=(:=( xx+2+2yy)/3;  )/3;  

END;END;

END;  RETURN END;  RETURN xx; }; }

Arg.sArg.s givengiven exactlyexactly, , returnreturn approxapprox.. up to up to errorerror 22pp

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y ““ = = uu ifif xx==yy..
•• choose(xchoose(x 11>y>y 11,, ……,x,x dd>y>y dd) ) == somesome jj s.t.  s.t.  xxjj>y>y jj

ιι((pp))ιι((pp-- 11))
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Matrix Determinant Computation

REAL REAL DetDet (INTEGER (INTEGER pp; REAL ; REAL M[M[dd××××××××dd]] ) {   ) {   // M// M regularregular!!

INTEGER i:=0,j:=0,k:=0;  INTEGER i:=0,j:=0,k:=0;  // full pivoting// full pivoting

INTEGER pi:=0,pj:=0; REAL INTEGER pi:=0,pj:=0; REAL detdet :=1;  :=1;  // row  echelon:// row  echelon:

FOR k:=0 TO dFOR k:=0 TO d -- 2 DO              2 DO              // M[k..d// M[k..d -- 1,k..d1,k..d -- 1]1]

(( pi,pjpi,pj ) := ) := pivot(M,kpivot(M,k );); // // pi,pjpi,pj s.ts.t . M[pi,pj]. M[pi,pj] ≠≠00

detdet := := detdet ×××××××× M[pi,pjM[pi,pj ]; ]; 

FOR j:=0 TO dFOR j:=0 TO d -- 1 DO  1 DO  swap(M[k,j],M[pi,jswap(M[k,j],M[pi,j ]);]);

IF IF kk≠≠pipi THEN THEN detdet := := -- detdet ;;

FOR i:=0 TO dFOR i:=0 TO d -- 1 DO  1 DO  swap(M[i,k],M[i,piswap(M[i,k],M[i,pi ]);]);

IF IF kk≠≠pjpj THEN THEN detdet := := -- detdet ;;

FOR j:=k+1 TO dFOR j:=k+1 TO d -- 11 // scale row #k by 1/M[k,k]// scale row #k by 1/M[k,k]

M[k,jM[k,j ] := ] := M[k,jM[k,j ] / ] / M[k,kM[k,k ];       ];       // and subtract// and subtract

FOR i:=k+1 TO dFOR i:=k+1 TO d -- 1 DO1 DO // // M[i,kM[i,k ]] -- fold from rowsfold from rows

M[i,jM[i,j ] := ] := M[i,jM[i,j ] ] –– M[i,kM[i,k ] ] ×××××××× M[k,jM[k,j ] ] //#k+1..d//#k+1..d -- 11

M[k,kM[k,k ] := 1; FOR i:=k+1 TO d] := 1; FOR i:=k+1 TO d -- 1 DO 1 DO M[i,kM[i,k ]:=0;]:=0;

ENDFOR k;  RETURN ENDFOR k;  RETURN detdet ×××××××× M[dM[d -- 1,d1,d -- 1]1] ; }; }
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Multivalued Pivot Search

REAL REAL DetDet (INTEGER (INTEGER pp; REAL ; REAL M[M[dd××××××××dd]] ) {   ) {   // M// M regularregular!!

INTEGER i:=0,j:=0,k:=0;  INTEGER i:=0,j:=0,k:=0;  // full pivoting// full pivoting

INTEGER pi:=0,pj:=0; REAL INTEGER pi:=0,pj:=0; REAL detdet :=1;  :=1;  // row  echelon:// row  echelon:

FOR k:=0 TO dFOR k:=0 TO d -- 2 DO              2 DO              // M[k..d// M[k..d -- 1,k..d1,k..d -- 1]1]

(( pi,pjpi,pj ) := ) := pivot(M,kpivot(M,k );); // // pi,pjpi,pj s.ts.t . M[pi,pj]. M[pi,pj] ≠≠00

detdet := := detdet ×××××××× M[pi,pjM[pi,pj ]; ]; 

FOR j:=0 TO dFOR j:=0 TO d -- 1 DO  1 DO  swap(M[k,j],M[pi,jswap(M[k,j],M[pi,j ]);]);

IF IF kk≠≠pipi THEN THEN detdet := := -- detdet ;;

FOR i:=0 TO dFOR i:=0 TO d -- 1 DO  1 DO  swap(M[i,k],M[i,piswap(M[i,k],M[i,pi ]);]);

IF IF kk≠≠pjpj THEN THEN detdet := := -- detdet ;;

FOR j:=k+1 TO dFOR j:=k+1 TO d -- 11 // scale row #k by 1/M[k,k]// scale row #k by 1/M[k,k]

M[k,jM[k,j ] := ] := M[k,jM[k,j ] / ] / M[k,kM[k,k ];       ];       // and subtract// and subtract

FOR i:=k+1 TO dFOR i:=k+1 TO d -- 1 DO1 DO // // M[i,kM[i,k ]] -- fold from rowsfold from rows

M[i,jM[i,j ] := ] := M[i,jM[i,j ] ] –– M[i,kM[i,k ] ] ×××××××× M[k,jM[k,j ] ] //#k+1..d//#k+1..d -- 11

M[k,kM[k,k ] := 1; FOR i:=k+1 TO d] := 1; FOR i:=k+1 TO d -- 1 DO 1 DO M[i,kM[i,k ]:=0;]:=0;

ENDFOR k;  RETURN ENDFOR k;  RETURN detdet ×××××××× M[dM[d -- 1,d1,d -- 1]1] ; }; }

pi:=k; pj:=k; REAL pv:=0;

FOR i:=k TO d-1 DO

FOR j:=k TO d-1 DO

pv := max(pv,|M[i,j]|);

FOR i:=k TO d-1 DO

FOR j:=k TO d-1 DO

IF choose ( |M[i,j]|<pv , |M[i,j]|>pv/2 ) == 2 

THEN pi:=i;  pj:=j;
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WHILE Program over � � �� � �� � �� � �� � �� � �� � �� � �

(�,0,1,+ ,− , ≤) ∪ (�,0,1,+ ,− ,×××××××× ,≤) ∪ (�,t ,f ,uu,¬,∨,∧)
3-sorted structure with embedding ιι::��∋∋zz→→22zz∈∈��

Def: A ������������������������-WHILE Program for f:⊆�d×�e→�

REAL REAL FF (INTEGER (INTEGER pp; REAL ; REAL rr 11,, ……,REAL ,REAL rr dd, INTEGER z, INTEGER z 11,,
……,INTEGER ,INTEGER zz ee))• Employs a constant number of 

local variables of types INTEGER, REAL, KLEENE.

• Receives e INTEGERand d REALarguments exactly
and one dedicated integer precision parameter p:

• Performs arithmetic  ++++,−−−−,××××,÷÷÷÷ on real data, exactly;
with partial test x<y ∈∈∈∈KLEENE; multivalued choose

• Returns some real approximation to  f(r1,..,rd,z1,..,ze)
up to absolute error ι(p), if (r1,…,rd,z1,…,ze)∈dom(f)
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������������������������-WHILE is Turing-complete

Def: A ������������������������-WHILE Program for f:⊆�d×�e→�

REAL REAL FF (INTEGER (INTEGER pp; REAL ; REAL rr 11,, ……,REAL ,REAL rr dd, INTEGER z, INTEGER z 11,,
……,INTEGER ,INTEGER zz ee))• Employs a constant number of 

local variables of types INTEGER, REAL, KLEENE.

• Receives e INTEGERand d REALarguments exactly
and one dedicated integer precision parameter p:

• Performs arithmetic  ++++,−−−−,××××,÷÷÷÷ on real data, exactly;
with partial test x<y ∈∈∈∈KLEENE; multivalued choose

• Returns some real approximation to  f(r1,..,rd,z1,..,ze)
up to absolute error ι(p), if (r1,…,rd,z1,…,ze)∈dom(f)

Theorem: ������������������������-WHILE Programs are "Turing-

complete for the reals": They can express  • any 

and • only  computable partial  f:⊆�d×�e→�.

Proof (Sketch) ⇐⇐⇐⇐⇐⇐⇐⇐: Real arithmetic is computable,

and so are partial real tests and multivalued choose .

Limits p→−∞ of approx.s to error 2p are computable.

Arg.sArg.s givengiven exactlyexactly, , returnreturn approxapprox.. up to up to errorerror 22pp

•• Partial Partial semanticssemantics of of teststests:  :  „„x>yx>y ““ = = uu ifif xx==yy..
•• choose(xchoose(x 11>y>y 11,, ……,x,x dd>y>y dd) ) == somesome jj s.t.  s.t.  xxjj>y>y jj

Proof (Sketch) ⇒⇒⇒⇒⇒⇒⇒⇒: Given x∈dom(f), let am:=Round(x·2m).

ComputingComputing ff::⊆⊆��→→�� meansmeans: : ConvertConvert anyany aa=(=(aamm))⊆⊆� � 

withwith ||xx--aamm/2/2mm|| ≤ ≤ 22--mm,  to,  to ((bbnn))∈∈�� withwith ||ff((xx))--bbnn/2/2
nn|| ≤ ≤ 22--nn

Round: Round: �� ∋∋ rr →→ zz ∈∈ �� s.t.s.t. rr--1 < 1 < zz ≤≤ rr+1   +1   ((22 choiceschoices))
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VII. Imperative Real Programming 

�WHILE Programs: 

� over �, over �, over � � �=Kleene

�Non-Extensional Integer Rounding:

� naïve  and  fast

� Exponential Function

� Trisection for Simple Unique Root Finding

�Matrix determinant with multival. pivoting

���� WHILE Programs: Turing-complete


