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Syllabus
4. Intro Data Structures

– Hardware/Math Data Types

– Abstract Data Types

– Basic: Boolean, Integer

– Derived: Array, Queue, Stack

– Linked Data Structures

– (Balanced) Search Trees

– AVL Trees

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• (Optimality)

„Introduction to Algorithms“
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•• EachEach countrycountry/leader/leader describeddescribed byby
"A.I." "A.I." charactercharacter parametersparameters..

•• Initially Initially GandhiGandhi..aggressionaggression := 1:= 1

•• When country adopts democracy, When country adopts democracy, 
aggressionaggression --= 2= 2..

(signed) 
byte/word/dword
≠ () 
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Integer Integer 

Recap from Logic / Model Theory

0 , 1 , + , − ,  ,  div ,  >

PresburgerPresburger IntegersIntegers  0 , 1 , + , − , >

polynomialspolynomials [[XX]]

Meta-Def: A structure is a set, together with  some 

▪ constants,  ▪ functions,    and   ▪ relations

AxiomsAxioms are  propositions satisfied by said structure.are  propositions satisfied by said structure.

0 , 1 , + , − ,  ,   

0 , 1 , + , − ,  ,  div 

powersetpowerset PP((SS))  , S ,  ,  ,  \

GrassmannianGrassmannian GG((VV)) {0} , V ,  ,  ,  ┴

ringring

groupgroup

fieldfield

Real  Real  

ComplexComplex 

BooleanBoolean 

0 , 1 , + , − ,  ,    ,  >

0 , 1 ,  ,  ,  latticelattice

fieldfield

ringring

latticelattice

latticelattice
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Integer Integer  (vs. (vs. byte/wordbyte/word etc.)etc.)

Real  Real   (vs. float/double etc.)(vs. float/double etc.)

StackStack of of XX

Abstract Data Types

0 , 1 , + , − ,  ,  div ,  >

Meta-Def: A structure is a set, together with  some 

▪ constants,  ▪ functions,    and   ▪ relations

AxiomsAxioms are  propositions satisfied by said structure.are  propositions satisfied by said structure.

Definition: An abstract data type is a  “class of objects”

together with certain operations.
AxiomsAxioms describe their behaviordescribe their behavior

regardless of regardless of 
implementationimplementation

Queue of Queue of XX new, enque x,  deque,  isEmpty

LIFO:LIFO:
pop pop ◦◦ push  =  idpush  =  id

BooleanBoolean  0 , 1 ,  ,  ,  

FIFOFIFO

new, push x,  pop,  isEmpty
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Integer Integer  (vs. (vs. byte/wordbyte/word etc.)etc.)

Real  Real   (vs. float/double etc.)(vs. float/double etc.)

StackStack of of XX

((DynamicDynamic) ) arrayarray of of XX

Data Structures and CostCost

[],  size,  (re-size),  search

search y , insert y , delete y

findmin,  insert y

OO((nn))

OO((nn))

OO(log(log nn))OO(log(log nn))

OO(log(log nn))

OO(1) (1) ??

SortedSorted arrayarray of of YY

PriorityPriority queuequeue of of YY

wherewhere YY isis totallytotally orderedordered

OO((nn))

OO((nn) = ) = 
OO(log(log ||x|x|))

OO((nn··loglog nn))

0 , 1 , + , − ,  ,  div ,  >

Queue of Queue of XX

BooleanBoolean  0 , 1 ,  ,  ,  OO(1)(1)

new, enque x,  deque,  isEmpty

new, push x,  pop,  isEmpty
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(Doubly) linked list:(Doubly) linked list:
•• insert, delete in insert, delete in OO(1)(1)
•• search insearch in OO((nn))

(Un(Un--) directed graph:) directed graph:

•• more in Chapter 5more in Chapter 5

Tree dataTree data
structurestructure
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Binary Binary searchsearch tree:tree:

search, insert, deletesearch, insert, delete

in in OO((hh),   ),   hh = = heightheight

Tree dataTree data
structurestructure

Lemma:  Lemma:  nn ≤≤ 22hh+1 +1 ––11

 hh ≥≥ OO(log(log nn))

optimal:optimal:

hh == OO(log(log nn))

degenerate degenerate 
tree tree hh = = OO((nn))
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Binary Binary searchsearch tree:tree:

search, insert, deletesearch, insert, delete

in in OO((hh),   ),   hh = = heightheight

Tree dataTree data
structurestructure

Lemma:  Lemma:  nn ≤≤ 22hh+1 +1 ––11

 hh ≥≥ OO(log(log nn))

optimal:optimal:

hh == OO(log(log nn))

degenerate degenerate 
tree tree hh = = OO((nn))

Now  insert(15)

and  delete(0):

Rebalancing is costly!

every level, 
except possibly 

the last, is 
completely filled
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==FFhh+4+4

n(h):=min #nodes of AVLTree of height h:

#n(0)+1=F3,   ##nn((hh+1)+1)+1 = #n(h)+1 + #n(h-1)

Recall Fh == (φh-(-1/φ)h)/√5   Ω(1.6h)  h=O(log Fh)

h h  O(logO(log nn))

+1 +1

Binary tree s.t. left and right subtrees
have height difference at most 1!

minimal
AVLTrees:

FibonacciFibonacci
FF00=0,  =0,  FF11=1, =1, FFhh+1+1 = = FFhh++FFhh--11
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B

A B

A

Store & Store & recursivelyrecursively update update 
balancebalance indicatorsindicators ++, , 00, , --..
After After insertinsert at a at a leftleft leafleaf, , 
propagatepropagate up: up: threethree casescases

search O(log n)
insert O(log n)
delete O(log n)
mergemerge OO((nn))

h h  O(logO(log nn))Binary tree s.t. left and right subtrees
have height difference at most 1!



Martin 
Ziegler

Recap
4. Intro Data Structures

– Hardware/Math Data Types

– Abstract Data Types

– Basic: Boolean, Integer

– Derived: Array, Queue, Stack

– Linked Data Structures

– (Balanced) Search Trees

– AVL Trees

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• (Optimality)

„Introduction to Algorithms“


