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3. Sorting

– Specification

– Bubble Sort
– Selection Sort

– Insertion Sort
– Merge Sort

– Quicksort
• Pivoting

– Sorting in Linear Time
– Sorting in Parallel

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• Optimality

„Introduction to Algorithms“
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swapping    swapping    xx[[nn] ] ↔↔ xx[[mm]]

specification3. Sorting

Output: PermutedPermuted array  x◦π such that xπ(1) ≤…≤ xπ(N)

in arrayin array xx[1[1……NN]]

Specification: Fix set X with total order ≤.

Input: N∈ℕ and finite sequence x1,…xN∈X

Primitives:  ordered comparison  “x[n]≤≤≤≤x[m]?” cost 1cost 1

cost 1cost 1

and arrayand array ππ[1[1……NN] ] := := identityidentity permutationpermutation ofof {1,{1,……NN}}

cost 1cost 1
swapping    swapping    ππ[[nn] ] ↔↔ ππ[[mm]]

Output:Output: Permutation Permutation ππ of of {1,...{1,...NN}} such such thatthat xxππ(1) (1) ≤≤……≤≤ xxππ((NN))

cost 1cost 1

Index integer arithmetic

Preprocessing data in order to accelerate queries.
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ProcedureProcedureBubbleSortBubbleSort ( ( xx[[NN] ) ] ) 

For  For  mm := := N N downtodownto2  do2  do

For  For  kk := 1 to := 1 to mm−−1 do 1 do 

IfIf xx[[kk] > ] > xx[[kk+1]  +1]  thenthen

SwapSwap((xx[[kk] , ] , xx[[kk+1]) +1]) 

EndifEndif

EndforEndfor

EndforEndfor

Primitives:  

Comparison  “x[n]≤≤≤≤x[m]?”

Swapping    Swapping    xx[[nn] ] ↔↔ xx[[mm]]
Index integer arithmetic

Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

Correctness: x[1],… x[m] ≤ x[m+1] ≤… ≤ x[N]

runtime runtime OO((NN²²))
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ProcedureProcedureSelectSortSelectSort ( ( xx[[NN] ) ] ) 

For  For  mm := 1:= 1 to  to  NN−−1  do1  do

minmin := := mm; ; 

For  For  kk := := minmin+1  to  +1  to  NN do do 

IfIf xx[[kk] < ] < xx[[minmin]  ]  thenthen

minmin := := kk ;  ;  EndifEndif

SwapSwap( ( xx[[mm], ], xx[[minmin] )] )

EndforEndfor

EndforEndfor

Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

Correctness: x[1] ≤… ≤ x[m-1] ≤ x[m], … x[N]

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

runtime runtime OO((NN²²))

Primitives:  

Comparison  “x[n]≤≤≤≤x[m]?”

Swapping    Swapping    xx[[nn] ] ↔↔ xx[[mm]]
Index integer arithmetic
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ProcedureProcedureInsertSortInsertSort ( ( xx[[NN] ) ] ) 

For  For  mm := 2:= 2 to  to  NN dodo

yy := := xx[[mm];   ];   kk := := mm−−11;;

WhileWhile kk>0  and  >0  and  xx[[kk]>]>yy

xx[[kk+1] := +1] := xx[[kk]]

kk := := kk−−11

EndwhileEndwhile

xx[[kk+1] := +1] := yy

EndforEndfor

Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

Correctness: x[1] ≤… ≤ x[m-1] ≤ x[m], … x[N]

runtime runtime OO((NN²²))

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

Primitives:  

Comparison  “x[n]≤≤≤≤x[m]?”

Swapping    Swapping    xx[[nn] ] ↔↔ xx[[mm]]
Index integer arithmetic
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ProcedureProcedureMergeSortMergeSort ( ( xx[[NN] ) ] ) 

IfIf NN≤≤1 1 returnreturn..

l l := := NN/2/2 ;  ;  r r := := NN/2/2 ; ; arrayarrayyy[[ ll ] , ] , zz[[rr ] ;] ;

For  For  mm := 1:= 1 to  to  ll do do yy[[mm]:= ]:= xx[[mm]; ]; 

For  For  mm := 1:= 1 to  to  rr do do zz[[mm]:= ]:= xx[[ ll++mm]; ]; 

MergeSort(MergeSort(yy);   );   MergeSort(MergeSort(zz););

WhileWhile ll>0  and  >0  and  rr>0  do  ;  >0  do  ;  IfIf zz[[rr ] ] << yy[[ ll ]   ]   

thenthen xx[[ l+rl+r ] := ] := yy[[ ll ] ;  ] ;  ll :=:=ll−−11

elseelse xx[[ l+rl+r ] := ] := zz[[rr ] ;  ] ;  rr :=:=rr−−11

WhileWhile ll>0  do ; >0  do ; xx[[ l+rl+r ] := ] := yy[[ ll ] ;  ] ;  ll :=:=ll−−1  ; 1  ; EndwhileEndwhile

WhileWhile rr>0  do ; >0  do ; xx[[ l+rl+r ] := ] := zz[[rr ] ;  ] ;  rr :=:=rr−−1  ; 1  ; EndwhileEndwhile

Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

runtime runtime 
TT((NN) ) = 2= 2··TT((NN/2) +/2) +OO((NN))

≤≤ OO((NN··loglog NN))

memorymemory
OOOOOOOO((NN··loglog NN))
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ProcedureProcedureQuickSortQuickSort ( ( xx[] ; [] ; ll ,,rr ) ) 

IfIf l l ≥≥ rr returnreturn.   // .   // xx[[ ll ]]……xx[[rr ]  ]  sortedsorted

ss :=  :=  ∈∈XX // // samplesamplepivotpivot

a a := := ll ;  ;  bb := := r r ;  ;  WhileWhile aa < < bb do do 

WhileWhile aa<<bb and  and  xx[[aa]  ]  << ss do  do  a a := := aa+1   +1   EndwhileEndwhile; ; 

WhileWhile aa<<bb and  and  xx[[bb] ] ≥≥≥≥≥≥≥≥ ss do  do  b b := := bb--1   1   EndwhileEndwhile;;

Swap(Swap(xx[[aa],],xx[[bb]); ]); 

EndwhileEndwhile;      //    ;      //    l l ≤≤ a a = = b b ≤≤ rr

QuickSortQuickSort( ( xx , , ll , , aa--1);    1);    

QuickSortQuickSort( ( xx , , bb+1 , +1 , rr); ); 

Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

= = OO((NN²²))

xx[[((l+rl+r )/2)/2];];xx[[ ll ];];xx[[rr ];];

l ra=b

TT((NN) ) ≤≤ OO((NN)) + + 

+ + TT((NN--1) + 1) + TT(1)  (1)  

IfIf l l ≥≥ rr returnreturn.   // .   // xx[[ ll ]]……xx[[rr ]  ]  sortedsorted

ss := := xx[[((l+rl+r )/2)/2]] ∈∈XX // // samplesamplepivotpivot

a a := := ll ;  ;  bb := := r r ;  ;  WhileWhile aa < < bb do do 

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

+ + TT((NN--2) + 2) + TT(2)(2)

QuickSortQuickSort isis in in worstworst--casecase
as bad as as bad as BubbleSortBubbleSort

Idea:  s:=x[p] for random p∈[l..r]
→ randomized algorithms
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ProcedureProcedureQuickSortQuickSort ( ( xx[] ; [] ; ll ,,rr ) ) 

IfIf l l ≥≥ rr returnreturn.   // .   // xx[[ ll ]]……xx[[rr ]  ]  sortedsorted

ss :=  :=  ∈∈XX // // samplesamplepivotpivot

a a := := ll ;  ;  bb := := r r ;  ;  WhileWhile aa < < bb do do 

WhileWhile aa<<bb and  and  xx[[aa]  ]  << yy do  do  a a := := aa+1   +1   EndwhileEndwhile; ; 

WhileWhile aa<<bb and  and  xx[[bb] ] ≥≥≥≥≥≥≥≥ yy do  do  b b := := bb--1   1   EndwhileEndwhile;;

Swap(Swap(xx[[aa],],xx[[bb]); ]); 

EndwhileEndwhile;      //    ;      //    l l ≤≤ a a = = b b ≤≤ rr

QuickSortQuickSort( ( xx , , ll , , aa--1);    1);    

QuickSortQuickSort( ( xx , , bb+1 , +1 , rr););

continued: Quick Sort3. Sorting
Input: N∈ℕℕℕℕ and arrayarray xx[1[1……NN]]

≤≤ OO((NN··loglog NN))
ifif ε∈ε∈(0,1)  (0,1)  fixedfixed

Return Return aa;;

xx[[((l+rl+r )/2)/2];];xx[[ ll ];];xx[[rr ];];

εε··((rr--ll+1)+1) ≤≤ aa−−ll ≤≤ (1(1--εε))··((rr--ll+1)+1)

εε··((rr--ll+1)+1) ≤≤ rr−−aa ≤≤ (1(1--εε))··((rr--ll+1)+1)

l ra=b

cc··NN··log(log(NN) =: ) =: TT((NN))

= = cc··NN··log(log(NN) + ) + NN··cc··((εε··log(log(εε) + (1) + (1--εε))··log(1log(1--εε)))) + + NN

TT((NN) ) = = TT((NN·· ?   ?   ) ) 
+ + TT((NN··(1(1−− ?)?)) +) +OO((NN))

== cc··NN··εε··log(log(NN··εε) + ) + cc··NN··(1(1--εε))··log(log(NN··(1(1--εε)))  + )  + NN

Ansatz

εεεεεεεε
εεεεεεεε

Output: PermutedPermuted array  x◦π
s.t.  xπ(1) ≤…≤ xπ(N)

FunctionFunctionPartitionPartition ( ( xx[] ; [] ; l l , , rr ; ; yy))
// // splitssplits xx[[ ll ....rr ]:]: intointo xx[[ ll ....mm]] withwith entriesentries <<yy
// and // and xx[[mm+1..+1..rr ]] thosethose ≥≥≥≥≥≥≥≥yy.  Returns .  Returns mm..

IfIf l l ≥≥ rr returnreturn.   // .   // xx[[ ll ]]……xx[[rr ]  ]  sortedsorted

ss := := xx[[((l+rl+r )/2)/2]] ∈∈XX // // samplesamplepivotpivot

a a := := ll ;  ;  bb := := r r ;  ;  WhileWhile aa < < bb do do 
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Specification: Fix set X

Input: N∈ℕ and finite sequence x1,…xN∈X

Output: mm∈∈{1,...{1,...NN}} s.t.   s.t.   #{ #{ n n : : xxnn < < xxmm }  < }  < KK ≤≤ #{ #{ n n : : xxnn≤≤ xxmm }}

in arrayin array xx[1[1……NN]]

with total order ≤.

Approximate Median

Output: m such that  0.30.3··NN≤≤ #{#{n n : : xxnn≤≤ xxmm } } ≤≤ 0.70.7··NN+1+1

Lemma: Median of edian of 55--mediansmedians is  
“≤≤≤≤” at least ½·⅗ = 30%of entries,   thus “>“ at most 70%.

ununsortedsorted!!

“≥≥≥≥” at least ½·⅗ = 30%of entries ,   thus “<“ at most 70%.
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Specification: Fix set X

Input: N∈ℕ and finite sequence x1,…xN∈X

Output: mm∈∈{1,...{1,...NN}} s.t.   s.t.   #{ #{ n n : : xxnn < < xxmm }  < }  < KK ≤≤ #{ #{ n n : : xxnn≤≤ xxmm }}

in arrayin array xx[1[1……NN]]

with total order ≤.

Output: m such that  0.30.3··NN≤≤ #{#{n n : : xxnn≤≤ xxmm } } ≤≤ 0.70.7··NN+1+1

Lemma: Median of edian of 55--mediansmedians is  
“≥≥≥≥” at least ½·⅗ = 30%of entries,   and “<“ at most 70%.

ununsortedsorted!!

FunctionFunctionApproxMedianApproxMedian ( ( xx[], [], l l , , rr))

ProcessProcessxx[[ ll ......rr ] in ] in groupsgroupsof 5,  of 5,  sortingsortingeacheachoneoneto find to find itsits median.median.

ThenThencallcall OrderStatOrderStat to to determinedeterminethe the medianmedianof these 5of these 5--medians.medians.

FunctionFunctionOrderStatOrderStat ( ( xx[], [], ll, , rr, K, K))

WhileWhile ll<<rr dodo

CallCall ApproxMedianApproxMedian: : determinedetermineapproxapprox. . median  median  mm of  of  xx[[ ll……rr ].].

mm'':=:=SplitSplit((x,l,rx,l,r,,xx[[mm]) s.t. all ]) s.t. all elementselements<<xx[[mm] ] areareleftleft of of thosethose>>xx[[mm]]

If  If  KK<<mm--ll then then rr:=:=mm else  else  K:=KK:=K --((mm--ll)); ; ll:=m  :=m  EndifEndif

TA(n) = O(n) + TO(0.2·n) , 

TO(n) = TA(n) + O(n) + TO(0.7·n)O(n), n:=rr−−ll+1+1

TO(n) = O(n) + TO(0.9·n)TO(n) = O(n) TA(n) = O(n)

Linear-time Median

Proceed to the left (=decrease Proceed to the left (=decrease rr)  /right (=increase )  /right (=increase ll) accordingly.) accordingly.
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Input: N∈ℕ and arrayarray xx[1[1……NN]  ]  with values in with values in XX

Output: PermutationPermutation π s.t.  xπ(1) ≤…≤ xπ(N)

Specification: Fix set X with total order ≤.

Definition: A Decision TreeDecision Tree for 
sorting N elements is a binary tree

whose nodes are labeled  
“x[i]≤x[j]?”,   1≤i<j≤N.

and whose leaves are labeled
with permutations π such that

every input  x=x[1…N]
ends up in a leaf 
whose label π satisfies x[π[1]] ≤… ≤ x[π[N]] .

Primitives 

“x[ππ[[nn]]]≤≤≤≤x[ππ[[mm]]]?”

Swap  Swap  ππ[[nn] ] ↔↔ ππ[[mm]]
Index arithmetic

2,3,1
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Definition: A Decision TreeDecision Tree for 
sorting N elements is a binary tree

whose internal nodes are labeled  
“x[i]≤x[j]?”,   1≤i<j≤N.

and whose leaves are labeled
with permutations π such that

every input  x=x[1…N]
ends up in a leaf 
whose label π satisfies x[π[1]] ≤… ≤ x[π[N]] .

with permutations π.

Theorem:Theorem: Any comparisonAny comparison
based sorting algorithm based sorting algorithm 

requiresrequires time at least time at least ΩΩ((NN··loglog NN))..

Optimality3. Sorting
Lemma: a) For fixed N, every comparison-based sorting 
algorithm of worst-case runtime T(N) can be “unrolled” into a 
decision tree for sorting N elements of depth ≤T(N).
b) Every permutation x=π ends up in the unique leaf with label π--11.
c) A binary tree with N! leaves has depth ≥log(N!)=Θ(N·log N)

“x[ππ[[nn]]]≤≤≤≤x[ππ[[mm]]]?”

Swap  Swap  ππ[[nn] ] ↔↔ ππ[[mm]]
Index arithmetic

2,3,1
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“x[ππ[[nn]]]≤≤≤≤x[ππ[[mm]]]?”

Swap  Swap  ππ[[nn] ] ↔↔ ππ[[mm]]
Index arithmetic

Counting Sort3. Sorting

runtime runtime 
OO((N+MN+M))

Specification: Fix set XX={1,={1,……MM}} !

Input: N∈ℕ and arrayarray xx[1[1……NN]  ]  with with keykey values in values in XX

Output: PermutedPermuted array  yy=x◦π s.t.  x.key[π[1]]≤…≤ x.key[π[N]]

integer array integer array countcount[1[1……MM];];

For For mm:=1 to :=1 to MM do  do  countcount[[mm] := 0;] := 0;
For For nn:=1 to :=1 to NN do  do  countcount[[x.keyx.key[[nn]] ]]++++;;

For  For  mm:=2  to  :=2  to  MM dodo
countcount[[mm] += ] += countcount[[mm−−1];  1];  

EndforEndfor;;

For For nn:=1 to :=1 to N N do do 

yy[[countcount[[xx[[nn].].keykey]]----]] := := xx[[nn];  ];  1

MM

2
1

NN

2 1

NN

2

0
5
1
0
0
4
2
3

15
15
10

9
9
9
5
3

memory memory 
OO((NN++MM))

BitBit --cost: cost: 
O(O(NN··loglog N+N+MM··loglog MM))
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“x[[nn] ] ≤≤≤≤ x[[mm] ] ?”

Swap  Swap  xx[[nn] ] ↔↔ xx[[mm]]
Index arithmetic

Radix Sort3. Sorting

OO((NN··mm) ) operationsoperations

Specification: Fix set XX={={00,,11}} mm with lexicographicallexicographical order.

Input: N∈ℕ and arrayarray xx[1[1……NN]  ]  with values in with values in XX

Output: PermutedPermuted array  yy=x◦π s.t.  y[1]≤…≤ y[N]

RadixSort( x[], l, r, m );
// Sort x[l…r]  w.r.t.  bits #m…#1

If  l=r or  m<1  then return;
// Put all entries with 0 as bit #m before those with 1:

mid := Split ( x[] , l , r , m);

RadixSort( x[] , l , mid , m-1);

RadixSort( x[] , mid+1 , r , m-1); BitBit --cost: cost: OO((NN··mm²²))

QuickQuick--//MergesortMergesort
BitBit --costcost : : OO((NN··loglog NN··mm))

0 0 bbmm--11 …… bb22 bb11

<< 1 1 ccmm--11 …… cc22 cc11
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Input: N∈ℕ and valuesvalues xx[1[1……NN]  ]  in in XX
Specification: Fix set X with total order ≤.

one primitive: gate
“If x[nn]≤≤≤≤x[mm] then

swapswap xx[[nn] ] ↔↔ xx[[mm]]””

3. Sorting in Parallel

NN=4:=4:

xx[1][1]

xx[2][2]

xx[3][3]

xx[4][4]

Output: PermutedPermuted array  yy=x◦π s.t.  x[π[1]]≤…≤ x[π[N]]

Sorting Networks
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Input: N∈ℕ and valuesvalues xx[1[1……NN]  ]  in in XX
Specification: Fix set X with total order ≤.

Sorting Networks
(continued)

3. Sorting in Parallel

Output: PermutedPermuted array  yy=x◦π s.t.  x[π[1]]≤…≤ x[π[N]]

Bubble Sorting Network:

Size O(N²),

Depth (=parallel time)
O(N)

one primitive: gate
“If x[nn]≤≤≤≤x[mm] then

swapswap xx[[nn] ] ↔↔ xx[[mm]]””
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Input: N∈ℕ and valuesvalues xx[1[1……NN]  ]  in in XX
Specification: Fix set X with total order ≤.

Sorting Networks
(continued)

3. Sorting in Parallel

Output: PermutedPermuted array  yy=x◦π s.t.  x[π[1]]≤…≤ x[π[N]]

Bubble Sorting Network:

Size O(N²),

Depth (=parallel time)
O(N)

Theorem Theorem (without proof)(without proof)::

a)a) If a sorting network correctly sorts all If a sorting network correctly sorts all 
sequences sequences xx[1[1……NN]] with with values in values in {0,1}{0,1},,

then it correctly sorts all then it correctly sorts all 
sequences with sequences with values in values in XX..

b) There exist sorting networks b) There exist sorting networks 
of size of size OO((NN··loglog NN))
and depth and depth OO(log(log NN))..

TThis is optimalhis is optimal

one primitive: gate
“If x[nn]≤≤≤≤x[mm] then

swapswap xx[[nn] ] ↔↔ xx[[mm]]””

TThis is optimalhis is optimal
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Summary
3. Sorting

– Specification

– Bubble Sort
– Selection Sort

– Insertion Sort
– Merge Sort

– Quicksort
• Pivoting

– Sorting in Linear Time
– Sorting in Parallel

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• Optimality

„Introduction to Algorithms“

of Comparisonof Comparison--
Based SortingBased Sorting
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Summary of  §2 Searching

• Specification

• Primitives: 
semantics and cost

• Design

• Analysis

• (Optimality)

„Introduction to Algorithms“

• 2. Searching
– Linear Search
– Neighbor Search
– Binary Search

– Uniqueness
– Hashing

– Order Statistics/
Median

– 1D Range Counting/Reporting
– 2D Range Counting/Reporting

in linear time!in linear time!
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Summary of  §1 Introduction
(Computational Problems/Algorithmic Solutions)

– Power of Abstraction

– “Virtues” of Computer Science:
• Specification

• Algorithm Design (as opposed to Coding)

• and Analysis (correctness, asymptotic cost)

• Optimality (Example: Square and Multiply)

– Impact of primitive operations, semantics, cost:  
• Four algorithms computing Fibonacci Numbers

– Mathematics: Recurrences and the Master Theorem

– Polynomial Multiplication: Long, Karatsuba, Toom, Cook

– Matrix Multiplication: complexity as open problem

„Introduction to Algorithms“


