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3. Sorting specification

Specification: Fix set X with total order <.

Input; NON and finite sequence x,,...x0x  naray X[1..N]

and array m[1...N] :=identity permutation of {1,...N}
Output: Permutation = of {1,...N} such that X,y <...= X

Primitives: ordered comparison “X[n]<x[m]?” cost 1

Index integer arithmetic cost 1
swapping X[n] < x{m] cost 1
swapping Jt[n] < t[m] cost 1

Preprocessing data in order to accelerate gueries.



3. Sorting Bubble Sort
Input: NON and array X[1...N]

ProceduréBubbleSort ( x[N] ) Output: Permuted array Xem

For m:=N downto2 do S.t. er(l)g“'S Xa(N)
For k:=1tom—1do = Primitives:

It X[K] > X[k+1] then Comparison “X[n]<x[m]?”

Swapping X[ n] < x[m]
Index integer arithmetic

Swap(x[K] , x[k+1])
Endif
47
Endfor

Correctness: X[1],... X[m] < x[m+1] < ... < X[N]



3. Sorting

ProcedureselectSort ( X[N] )
For m:=1 to N—1 do
min:=m, o
For K:=min+1l to N do
If X[k] < x[min] then
min:=k ; Endif
Swag x[m], x{min] )
Endfor

47

Endfor

Correctness:

~NOPA, aWOOMNO

Select Sort

Input: NON and array X[1...N]

Output: Permuted array Xem

St XS = Xy
Primitives:

Comparison “X[n]=x[m]?”

Swapping X[ n] < x[m]

Index integer arithmetic

X[1] < ... sxm1] < xm], ... X[N]



3. Sorting Insert Sort
Input: NON and array X[1...N]

Output: Permuted array Xem

6 5 3 1 8 7 2 4

ProcedurdnsertSort ( X[N] ) St Xp) S0 = Xy
For m:=2 to N do Primitives:

1 k ”

yo=xm; k:=m—1; Comparison “X[n]<x[m]?
While k>0 andx[K]>y Swapping  x[n] < x[m]

X[k+1] :=X[K] Index integer arithmetic

kKi=k—1
Endwhil
nEwale runtime O(N?)
X[ k+1] =y
47
Endfor

Correctness: X[1] < ... <x[m1] <x[m], ... X[N]



3. Sorting Merge Sort

ProcedureM ergeSort ( x[N] ) Input: NON and array X[1...N]
If N<1return Output: Permuted array Xem

1L <...=
| :=N/2]; r:=[N2]; arrayy[l], 4r] ; > et &l

For m:=1 to | do y[m]:= x[m;
For m:=1 to r do Zm]:= X[I+m);

MergeSorty); MergeSort); 6 53187 24
While |>0 andr>0 do ;If Zr] <y]l]

runtime
then X[I+r] =Vy[I]; I:=l—1 T(N) = 2-T(N/2) +O(N)
else X[l+r]:=7r]; ri=r—1 < O(N-log N)

While |>0 do ;x[I+r]:=Vy[l]; I:=I—1 ;Endwhile
memory
While r>0 do ;x[l+r] :=7r]; r:=r—1 ;Endwhile Fe{(N\EIls*L\)




3. Sorting Quick Sort

ProcedureuickSort ( x[] : Ir) Input: NCOIN and array X[1...N]
If 1>r return //x{1]...x[r] sorted QutPUL: Permuted array X°m
@[L(IH)/ZJ] OX // samplepivot]
a:=l|; b:=r] While a<b do
While a<b and x{a] <s do a:=a+l1l Endwhile
While a<b and x[b] 2 s do b:=b—-1 Endwhile
Swapial,x[b]); | a=b r
Endwhile; [/ |=a=b=r
QuickSeort( x, | ,a—1);
QuickSort( x, b+1 ,r);

- . ..._

+ T(N-2) +T(2)

QuickSort is in worst-case
as bad as Bubbl eSor t

Idea: s:=x[p] for random pU[l.r]  _, -3ndomized algorithms



3. Sorting continued: Quick Sort

ProcedureQuickSort (X[ : 1,r) Input: NCOIN and array X[1...N]

If | >t return //]I]...x[r] sorted QUtPUL: Permyted array xem

o . S.t. ang---gan
s:=x[L(1+r)/2]] OX /I samplepivot T(N)=T(N- € )

a:=1: b:=r: While a<b do + T(N-(1-€)) +O(N)
While a<b and x[a] <y do a:=a+l Endwhile |EO/(\AleI]\Y)
While a<b and x[b] 2y do b:=b—-1 Endwhile | GRa(O RN
Swapg(a].x[b]); | a=b r

Endwhile; Returna;
QuickSort(x, | , a-1); g-(r-1+1) < a-l <(1-8)-(r-1+1)

QuickSOrt( X, b+1 ’r); 8-(I’-|+1) < r—a < (1—8)-(I‘-|+1)

C:-N-og(N) =: T(N) = c-N-e:log(N-€) + ¢c-N-(1-€)-log(N-(1-€)) +N
Ansatz = ¢-N-log(N) + N-c-(g-log(e) + (1-€)-log(1-g)) + N




3. Sorting Approximate Median

L | | |
Specification: Fix set X with total order <. }@J

Input: NOON and finite sequence x,..x0x ~ Maray X[1..N]
Output: msuch that 0.3N =#{n:x, = x,} = 0.7-N+1

— ——
wijgrggnents | O |1O] |OF O] [|O] O |O] |0
? O O O ol |lo| |o O O
o (o o o s \_e| | |o]
$ ol |o O ® x/\f ol |o ol |o
R e | O O O O) O O O O
— — "

smaller medians larger medians

Lemma: Median of 5-medians Is
“=>" at least Y2-% = 30%o0of entries, thus “<* at most 70%.



3. Sorting Linear-time Median

Specification: Fix set X with total order <. }@D

Input: NON and finite sequence xy,...xOX M afay xX[1...N]
Output: msuch that 0.3N =#{n:x, = x,} = 0.7-N+1

FunctionApproxMedian (X[], 1, 1) | To(n) = O(n) | Tx(n) = O(n)

@rocessql...r] n groupsof 5, sortingeachoneto find its median.
Thencall\q er Stat to determinghe medianof these 5medians.

FunctionOrde?gtgt (x]], I, 1, K) | Ta(n) = O(n) +T5(0.21)
While I<r do |O(n), m:=r=1+1]| To(n) = Ta(n) + O(n) + T(0.7:1)

CallApproM determineapprox medianm of Xl...r].
m))

[m':=Split(x,l,r,x[m]))s.t. allelementsx[m] areleft of those>x[m
Proceed to the left (=decreage/right (=increasé) accordingly.



3. Sorting Optimality

Specification: Fix set X with total order <.
Input: NON and array x[1...N] with values in X

Output: Permutation 7 s.t. Xq)<...< X

Primitives

Definition: A Decision Tree for “X[t[n]] =X[t[M]]?”
sorting N elements is a binary tree Swap Jt[n] < JT[M]
whose nodes are labeled Index arithmetic
ij<x 2, 1si<j<N. R 7
and whose leaves are labeled P I

: : (2% by
with permutations = such that </ % {f %

- €123)  @@e> (@13 @a)
every input x=x[1...N] 5?'—&; e
ends up in a leaf @32) (B13) (@3y) (G2

whose label &t satisfies x[n[1]] < ... < X[n[N]].



3. Sorting Optimality
Lemma: a) For fixed N, every comparison-based sorting

algorithm of worst-case runtime T(N) can be “unrolled” into a
decision tree for sorting N elements of depth <T(N).

b) Every permutation x=r ends up in the unique leaf with label =2.
c) A binary tree with N! leaves has depth =log(N!)=B(N-logN)

Definition: A Decision Tree for “X[t[n]] =X[t[M]]?”
sorting N elements is a binary tree Swap Jt[n] < JT[M]
whose internal nodes are labeled Index arithmetic
N1]=X[j]?", 1=<i<)=N. . (aya)

and whose leaves are labeled

with permutations .
(1.2.3}

Theorem: Any comparison
based sorting algorithm Gl <{23 132>3>
requires time at least Q(N-log N).




3. Sorting Counting Sort

Specification: Fix set X={1,...M} !
Input: NON and array x[1...N] with key values in X

Output: Permuted array y=xe°m s.t. X.keyx[1]] =...= x.keyx[N]]

Integer arracoun{l...Mj; “X[t[n]] <X[rt[m]]?"
Form:=1 toM do coun{m] ;= 0; N
Forn:=1 toN do counf{x.keyn]]++; Index arithmet

For m=2 to M do runtime N :
counfm] += coun{m-1];  (CIOEIY)) p—
"o i
. . 0
Forn:=1 toN do Ofioylmiliog . §
‘ N cmory o] o
y[coun{x[n].key]--] := X[n]; O(N+N) I 513 1




3. Sorting Radix Sort

Specification: Fix set X={0,1}™with lexicographical order.

Input: NON and array X[1...N] with valuesin X | 0Pm1-.. b 'ﬂ
<lc,;..CC

Output: Permuted array y=x°Jt s.t. y[1] =...= Vy|[N]

Quick-/Mergesort

Bit-cost : O(N-log N-m) %
RadixSort( x[], |, r, m); p X[n] < x[m]

[l Sortx[l...r] w.r.t. bits #n...#1 Index arithmetic

If I=r or m<1 then return;
/[l Put all entries witl® as bit #n before those witi :

mid:=Split (x[], |, r, m);

RadixSort( X[], |, mid, m-1);

RadixSort( x[] , mid+1 ,r, m1);



3. Sorting In Parallel  Sorting Networks

Specification: Fix set X with total order <.
Input: NON and values x[1...N] in X

Output: Permuted array y=x°Jt s.t. X[n[1]] =...= X[=[N]]

1—o—— 1 o P— 1 one primitive: gate _
I ] “If X[n]<X[m] then
swap X[n] < xm]”

-




3. Sorting In Parallel  Sorting Networks

Specification: Fix set X with total order <. (Contlnued)

Input: NON and values x[1...N] in X
Output: Permuted array y=x°Jt s.t. X[n[1]] =...= X[=[N]]

one primitive: gate
I “I'f X[n]=X[m| then
swap X[n] < xm]”

Bubble Sorting Network:
Size O(N?),

Depth (=parallel time)
O(N)




3. Sorting In Parallel  Sorting Networks

Specification: Fix set X with total order <. (Contlnued)

Input: NON and values x[1...N] in X
Output: Permuted array y=x°Jt s.t. X[n[1]] =...= X[=[N]]

one primitive: gate
Theorem (without proof): “If X[n]<x[m] then

a) If a sorting network correctly sorts all ~ SWap X[n] < x[m]’
sequences X[1...N] with values in {0,1},

then it correctly sorts all

. . Bubble Sorting Network:
sequences with values in X.

I 2
b) There exist sorting networks Size O(N%),

of size O(N-log N) Depth (=parallel time)
and depth O(log N%s optim GD O(N)
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Summary of 81 Introduction
(Computational Problems/Algorithmic Solutions)
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— Mathematics: Recurrences and the Master Theorem
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