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Motivation and Classification o agoritms

Martin Ziegler

Many important decision problems

e may not admit a polynomial-time solution
e arise from optimization problems

Ap p rox' matlo n fa Cto r O r ratl O : COMPUTERS AND INTRACTABILITY
° C/C* fO r min imiza tion p ro b I e m S, A Guide to the Theory of NP-Completeness

Michael R. Garey / David S. Johnson

e C’/C for maximization problems.
C"=optimal, C=approxim. answer

exact exponential-time algorithms:
o O(bM for "small" base b>1
e parameterized, strong polynom.
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Travelling Salesperson Problem o gorihms

Martin Zieqgler

HC = { (G) | G has Hamiltonian cycle}

TSP = { (G,k) | weighted graph G contains cycle of length <k }
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Approximating metric TSP U i
Martin Ziegler

MTSP = { (G,wk) | G with metric edge weights w:VxV—N
admits a Hamiltonian circuit of weighted length <k }

Input: w:VxV—-N edge weights symmetric and
s.t. triangle inequality holds: w(a,c) <w(a,b)+w(b,c).
Sought: Tour (permutation = of V) of least weight
(Decision problem MTSP is still N P-complete.)

Double-Tree Algorithm:

Polytime approximating minMTSP up to factor 2:
1. Compute minimum spanning tree T of (G,w).

2. Traverse T inorder depth-first

ETSP with VCRY, w(a,b) = [|la-b]l, NP-hard, butin NP ?




Example: 1. Compute MST T




Example: 2. Traverse T Inorder

output:
a,b,c,h,d,e,f,g,a

b)

@
optimal: a,b,c,h,f,g,e,d,a \h

N




Proof of Approximation Ratio™ ;.

Martin Zieqler

W weights with 3-inequality, T is MST traversed inorder

Let F denote the sequence of edges traversed inorder,
C the tour thus obtained, C* (unknown) optimal tour.

For edges e,,...e, abbreviate L(e,,...6) :=w(e)+...+w(e,)

(i) L(T) <L(C"), because removing any edge from C”
yields a spanning tree of cost <L(C") double

Every edge of T appears(precisely twicelin F;  tree algo

(ii) L(F) =2-L(T) ] 3 - T—O

(iii) L(C) < L(F) - >

because 3-inequal. /6 f o) G
/

= L(C)<L(F) = é G
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M NI Q UlZ of Algorithms

Martin Zieqgler

Manually
execute the
Double-Tree
Algorithm on
this weighted
graph:

Double-Tree Algorithm: 8
Polytime approximating minMTSP up to factor 2:
1. Compute minimum spanning tree T of (G,w).

2. Traverse T inorder depth-first
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Christofides Algorithm: 1.5 of Algorithms

Martin Zieqgler

Input: w:VxV—-N edge weights symmetric and
s.t. triangle inequality holds: w(a,c) < w(a,b)+w(b,c).

poly-time Blossom algorithm [Edmonds'65]

Polytime approxi
1. Compute minhimym spanning tree T of (V,w).
2. Let OcV note \the vertices of odd degree in T

~ind [min.-weight perfect matching |M of O wrt. w

3.

4. Form multi-graph TUM exists iff
_ — each vertex

5. Calculate a |Eulerian circuit] E cTUM  has even

6.

Convert E into a Hamiltonian circuit C degree
by skipping repeated vertices (shortcutting).
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Christofides Illustrated of Algorthms
artin Ziegler

M O

exists
why?

. Let OcV denote the vertieés of 0dd degree in T

. Find [min.-weight perfect matching |M of O wrt. w
. Form multi-graph TUM: all vertices even degree
. Calculate a Eulerian circuit E in TUM

. Convert E into a Hamiltonian circuit C
by skipping repeated vertices (shortcutting).

ouvlt W DNH




- - - Design & Analysis
Christofides Analysis: 1.5 of Algorithms

Martin Zieqgler

o u1 A W DN -

N o MLM=LC)

M* M” (i) L) SHE) L(M™)+L(M™) < L(CY)

<L(T)+R{W)
. Compute minimum spanni\g tree T of (VA/)

. Let OcV denote the vertices of odd degree in T

. Find min.-weight perfect matc\\w ofﬂg wrt W

. Form multi-graph TUM triangle inequa |ty]
. Calculate a Eulerian circuit E in TUM
. Convert E into a Hamiltonian circuit C

by skipping repeated vertices (shortcutting).
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Knapsack of Algorithms

Martin Zleqler

Input: n packets, values V;,...V, eN
and weights wy,...w €N S

and both bounds VW
Goal: find subset Sc{1,...n}

= maximizing values Z

pes Vp
subject to weight upper bound Zpes w,<W

= minimizing weight ZpeSW

subject to value lower bound Zpes V, 2V

Question: Does there exist a subset Sc{l,...n}

such that values Zpes V,2V and weights Zpes W, < W
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Dynamic Programming: Knapsack o #oonms

Martin Zieqgler

For Sc{l,...n} write w(S)=2.,.s W, and Vv(S)=2,.sV,
Goal: Given W, determine V := max {v(S): w(S)<W}
Consider T(v,m) := min { w(S) : Sc{1,...m}, v(S)>Vv }

Note: i) TO,N)<T@A,N)<...<T(V,n)<W<T(V+1,n)

i) V=max{v:T(vn)<W} V\m 0 11 ...0n
i) T(vm)=0 for v<0 01 0]0| 0|0
iv) T(v,0) = for v>0 1 |
v) T(vm) Z min { T(v,m-1), 2 | @ .
T(v-v., m-1) } - | 1
V | o

w.l.0.g. 0<W,<W, 0<v,<V | ryntime poly(n+V)
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Approximation Schemes i

Martin Zieqgler

Input: n packets, values vy,...

and weights w;,...w, eN
and c¢) value bound V.

Question: Is there a subset

Sc{l,...n} s.t. values Zpes Vg =

subject to weight bound Zpes W, < W :
Now: Find S’ s.t. Zpes. w,<W and Zpes. v,2 V-(1-g)
Or: Find S" s.t. Zpes.. w, < W-(1+¢) and Zpes..ﬁ\zv

Algorithm: guaranteed approximation ratio 1+¢
Discrete optimization — decision often /NP-hard
Try approximating maxim./minim. up to relative error




FPTAS for Knapsack ©:- -
Scaling Lemma a) For 0<v'<v, V(v") < V(v)

b) and for v<d < (k,...k): V(v-d) 2 V(v) - n-k

c) Also, V(k-v) = k - V(v) vk <lvklk=v)
Scaling Method: Fix keN and let v, := [v,/k.
Compute V':=k - V(v/,....,v,) in time poly(n+V/k). So
V'=V(Lv/k]-k) > V(v-k-1) > V-n-k = V-(1-n. </V)£V-(1-a)
for kKi= Ls-vap/nZJ <e-Vin 3; gp%, \éi\j VIk <O(n?/e+1)
Theorem: For every given ep>0p, can approximate
Knapsack up to error 1-¢ in time polynom. in n+1/g
V(Vy,...vp) i=max{ 2.5V - Sc{1..n}, 20 g Wy <W}
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Limits Of ApprOXimation of Algorithms

Martin Ziegler

Theorem: No polynom.-time algorithm can approximate
the general TSP up to some constant unless P=N7P.

Proof: Supposexd approximates TSP up to factor ceN.

Turn A into algorith

Algorithm B, input graph
Define w(u,v) :=1 for {u,v}eE;
w(u,v) :=n-cfor {u,v}«E.

No triangle-
inequality...

(G)eHC = w contains Hamiltonian cycle of weight n
= algorithm A finds some of weight <n-c

(G)¢gHC = any Hamiltonian cycle has weight >n-c

HC = {{(G) | graph G contains a Hamiltonian cycle }
TSP = {{(G,wk) | (G,w) contains a Hamiltonian cycle of weight <k }
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